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In this paper, we propose a natural wavelet estimator of multivariate copula
densities as a ratio of the linear wavelet estimator of the underlying joint population
density function and the product of the linear wavelet estimators of the corresponding
marginal density functions. It is proven that the new estimator attains the optimal
almost sure convergence rate over Besov balls for the supremum norm whenever the
resolution level is suitably chosen.
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1. Introduction

Givenavector X = (X1, ..., Xg) of continuous random variables with marginal distribution functions
Fy, ..., Fy4, the copula function of X is defined as the joint cumulative distribution function of the
random vector (Fi(X1),...,Fq(Xg)). It gives a full characterisation of the dependence between

random variables, be it linear or nonlinear. According to Durante and Sempi (2010), the study of
copulas dates back to Fréchet (1951) and the term “copula” was first used in this sense by Sklar
(1959). Nelsen (2003) dates the study of copulas even further back in time to Hoeffding (1940,
1941). Copulas have applications in various fields such as finance, insurance, environmental science,
healthcare, hydrology, economics, marketing, demography, climate science, psychology (see, for
instance, Manner and Reznikova, 2012; Patton, 2012; Bhatti and Do, 2019; Jaworski et al., 2010;
GroBer and Okhrin, 2022).

Nonparametric estimation of copula densities is a vibrant research area, historically dominated by
the use of kernel methods. For instance, Gijbels and Mielniczuk (1990) and Fermanian and Scaillet
(2003) used convolution kernel methods to construct consistent estimators for the copula density.
However, kernel methods are prone to boundary effect issues due to the compact support of the
copula function. To address this issue, Gijbels and Mielniczuk (1990) introduced a mirror-reflection
technique, and Chen and Huang (2007) used a local linear kernel procedure. Omelka et al. (2009)
also introduced improved copula kernel estimators to mitigate boundary bias and Geenens et al.
(2017) introduced kernel-type estimators for the copula density based on a probit transformation
method, which effectively handle boundary effects.
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Wavelet bases (Meyer, 1992; Daubechies, 1992; Vidakovic, 1999; Mallat, 2009) offer an alternative
approach as they automatically adapt to the properties of the curve being estimated, thus handling
boundary effects inherently. Genest et al. (2009) studied a rank-based linear wavelet estimator of the
bivariate copula density, establishing its optimality under certain conditions in terms of the L,-norm
loss as well as on Holder balls for the pointwise-norm loss. Autin et al. (2010) extended these results
to nonlinear thresholded estimators of multivariate copula densities, demonstrating near-optimal
performance for the Ly-norm loss. Similarly, Gannoun and Hosseinioun (2012) established upper
bounds on L,-losses for linear wavelet-based estimators of bivariate copula densities. Seck and
Mamane (2024) investigated the almost sure convergence, in supremum norm, of the rank-based
linear wavelet estimator of a multivariate copula density. However, the convergence rate achieved by
this estimator was found to be suboptimal.

In this paper, we propose a natural wavelet estimator of the multivariate copula density as a
ratio of the linear wavelet estimator of the joint density function of X and the product of linear
wavelet estimators of the corresponding marginal density functions. Density estimation using wavelet
methods is discussed, for example, in Hérdle et al. (1998), Giné and Nickl (2009), and Guo and Kou
(2019). We establish the exact almost sure convergence rate in supremum norm loss of this new
estimator. Contrary to the linear wavelet estimator studied by Seck and Mamane (2024), this Sklar
theorem-based estimator achieves the optimal convergence rate over Besov balls for the supremum
norm loss.

The rest of the paper is organised as follows. In Section 2, we recall some facts on wavelet theory
and define the proposed wavelet estimator of the multivariate copula density. In Section 3, the main
theoretical results are presented.

2. Wavelet theory and estimation procedure

In this section we recall some facts about wavelet theory. For a general introduction we refer to
Meyer (1992), Daubechies (1992), Vidakovic (1999) and Mallat (2009). A multiresolution analysis
of L, (R9) is a sequence of closed sub-spaces (Vj)jez of L,(R4) satisfying the following properties:

i) Increasing: V; C V;,;
ii) Separability: ;.7 V; = {0};
iii) Density: m = Ly(R%);
iv) Dilatation: f(x) € V; & f(2x) € Vj.1;
v) Translation invariance: f(x) € V; = f(x+k) e V;,Vk ¢ z4;

vi) Existence of scaling function: 3 ¢ € L,(RY), with A@ ¢(x)dx = 1, such that the family
{¢(x — k), k € Z4} is an orthonormal basis for V.

The scaling function ¢ is called a father wavelet, and the family {¢; x(x) = 2/4/2¢(2/x~k),k € Z%}
is an orthonormal basis for V;, for all j. A multiresolution analysis is called r-regular if ¢ € C” and
all its partial derivatives up to total order r are rapidly decreasing, i.e., for every integer i > 0, there
exists a constant A; such that

A;
B i
[(D”¢)(x)| < T =D forall [B| <r,
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where 8 = (81, ..., B4) is a vector of positive integers and |8| = Zil Bi.
Let W; denote the orthogonal complement of the subspace V; in V., i.e., Vi = V; @ W, then,
for all fixed jy € Z, we have the decomposition

LR =Vj, @ (@ W,-), (1)
J=Jjo
and there exist M = 29 — 1 wavelet functions {z//(m) ,m=1,..., M} called mother wavelets such that
o {yM(x-k),keZ% m=1,...,M} is an orthonormal basis for Wp;

. {1//1(.";() (x) = Z%M’")(ij -k),k€Z4 m=1,...,M} is an orthonormal basis for W;;
* {djoxo lpj('f;? }is o kezd, 1<m<m 18 an orthonormal basis for L, (R%);

« each (™ has the same regularity properties as ¢, which will be assumed to be compactly
supported on [-L, L], L > 0.

It follows that for any function f € Ly(R9),

&= @b+ ] Z DB, xerd, @

kezd JZjo m=1kezd

where jo € Z is called a resolution level, a, x are the scaling coeflicients and ,8( ™) are the wavelet
coeflicients. Due to the orthogonality of the basis, the scaling coeflicients and the Wavelet coeflicients
are respectively given by

we= [ f0sax g = [ rooul

Besov spaces can be characterised in terms of wavelet coefficients. If Py, f denotes the orthogonal
projection of f onto the subspace V;, then for all j > jj, we have

i M
(Pv; /) (x) = Z @jx¢jk(x) = Z @jo kP jo.k (X) +Z Z Z ﬁz(, ") (x).

kezd kezd I=jo m=1keZd4

Assume that the multiresolution analysis is r-regular. Then a function f € L,(R%) belongs to the
Besov space B!, , (RY), with ¢ < r, if and only if

1/q

1Pvo (NIz, + Z(Z”IIPWj(f)IILp)" < oo,

7=0

for 1 < p,q < oo. For more details regarding Besov spaces, we refer to Hirdle et al. (1998) and the
Appendix of Masry (2000).

Let X = (X1, X2,...,Xy) be a d-dimensional random vector with absolutely continuous (w.r.t.
Lebesgue measure) distribution function F(x) and corresponding joint probability density function
f(x), where x = (x1,...,Xq).
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Denote the corresponding marginal distribution functions and probability density functions by
Fi(x1),...,Fq(xq) and fi(x1), ..., fa(xq) respectively.

Suppose that (Xi,X5,...,X,) is a random sample from the population X, where X; =
(Xil,Xig,...,X[d),iZ 1,...,71.

The linear wavelet estimator of f(x) at resolution level j,(d) > jo is given by

- _ o 1 &
Ty = Y @) k(@) kX, With @, a1k = = D" b k(X
n
kezd i=1

Henceforth, write j(d) instead of j,(d) for the resolution level.

The corresponding univariate linear wavelet estimator of f7(x,) is denoted by f¢ ;(1)(x¢) for each
t=1,...,d.

Assuming that the copula density c¢(u), u = (uy,...,u ), associated with the random vector X
exists and is continuous and bounded on (0, l)d, then it follows from the well-known Sklar’s theorem

that
... A
c(u) = f(QlElul), »Qa(ua)) _ (u)’ for all u € (0, 1Y°, 3)
H[=1 Sfe(Qe(ue)) B(u)
where Qg (ug) := F[l (ug) is the generalised inverse function of Fy(x,),for{ =1,...,d.

Hence, a natural wavelet estimator for ¢(u) can now be defined as

fi@(@i1(n). - Qa(ua)) _ A,(u)
1, fe. i) (Qe(ue)) By, (u)
where Qg(ug), ¢ =1,...,d, are strongly consistent estimators of the quantile functions Q¢ (u¢).

Examples could be to choose Q¢(u¢) equal to the generalised inverse of the empirical distribution
function or a smooth kernel distribution function estimator based on X;¢,i =1, ...,n.

“

Cn(u) =

3. Asymptotic behaviour of the estimator
Let us assume that the following conditions hold:

Condition 1. The multiresolution analysis is 7-regular and the father wavelet ¢ : RY — R is bounded
with a compact support.

Condition 2. f(x) € B;,, q(Rd) is bounded for some 7 > d/p, and f¢(x,) € Bj, ,(R) is bounded for
{=1,...,dandsome s > 1/p,1 < p,q < co.
Condition 3.

sup Q¢ (ue) — Qe(ue)| = Oy (n™2(logn)°),
upe(0,1)

for{=1,...,d and some § > 0.
Condition 4. The resolution level j(d) satisfies
y(d)
pid) o [T
logn ’

where, ford > 1,
1

"D Ty



WAVELET ESTIMATOR OF MULTIVARIATE COPULA DENSITIES 103

Remark 1. All the conditions (except for Condition 3) are quite standard as they are usually imposed
in the study of wavelet density estimation. Conditions 1 and 2 are satisfied for a large variety of
wavelets. One example is the Daubechies’ wavelets (see Daubechies, 1992, Chapter 6, or Hirdle
et al., 1998). The following proposition proves that Condition 3 is fulfilled if we choose Qg(ug) =
F .. rll (ue), € =1,...,d, where Fy_,(x¢) is the empirical distribution function of X,. Similar results
exist in the statistical literature for other types of quantile estimators. A typical example is the
well-known smooth kernel quantile estimator.

Proposition 1. Assume that info<,, < f[(F(,_l(ug)) >0, forall¢=1,...,d. Then we have

sup |F7 ) (ug) = F; (ue)] = O (72 (l0glogm)'12)..

O<up<l1

Proof. For ease of notation, write F[‘:l(ug) = F; ' (u), Fgl(ug) = F~Y(u), and fr(ue) =t f(u).
Define (see Theorem 2.5.1 in Serfling, 1980)
u = Fp(F~' ()

F(F~1(u))

We then have, by applying respectively Theorem D and Theorem B appearing on pages 101 and 62
in Serfling (1980),

sup f(F~ @)IF, ' () = F~' ()

R = (Fy ) = F' ) -

O<u<l
< sup F(F™ @)IRu(0)|+ sup fu=Fy(F~ @)
O<u<l O<u<l
= Ous. (n7*/*(logm) " (loglogm)*) + sup |, (x) = ()
—00< X <00

=04.5. (n‘3/4(10g n)'%(log log n)1/4) +04.5. (n‘l/z(log log n)l/z)
=045, (n_l/z(loglogn)l/z) . [

Theorem 1. Let Conditions 1-4 hold and suppose that supp fr(x¢) = I = [a, b], for some — <
a < b < oo, and inf]fg(X[) >0fort=1,...,d. Then, as n — oo, we have
X¢ €

sup [cp(w) —c(w)| = Oqs.
ue(0,1)4

logn (t=d/p)y(d)
p, .

Proof. We begin with the following decomposition (see (3) and (4)):

=) — e < AW A
cn(u) = c(u) 5w B
_ (Au() = A(m)  (Ba(w) = B(u)A(u)
" B B(u)?
_ (An(w) ~ AW) (B, (w) ~ Bw)  (Bu(u) - B(w)*A(uw)
B, (u)B(u) B, (u)B(u)?

=: Tip(u) + Top(u) + T3, (w) + Ty (w). (5)
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Applying Taylor’s expansion (mean-value theorem), the fact that f(x) has uniformly bounded
first-order partial derivatives, Theorem 2 of Guo and Kou (2019), the boundedness of f(x), and
Condition 3, it follows that for some finite constant C > 0,

sup A, (u) — A(u)

ue(0,1)4

< sup 1fiay(Q1 (1), -, Qa(ua)) = f(Qi1(ur), - .. Qaluq))]
ue(0,1)4
+ sup 1£(Q1(u1), ..., Qalua)) — F(Q1 (1), ..., Qa(ua))|
ue(0,1)4

d
< sup |fja)(0) = FWI+C D sup [0(ue) = Qe (ur)|

yeld =1 M[E(O,l)

(t=d/p)y(d) 9
logn logn
=04s. (( £ ) +Oq.s. (%)
n n
(t=d/p)y(d)
1
= Oa.s. ((ﬂ) ) s (6)
n

for all § > 0, since (¢ — d/p)y(d) < 1/2. (Note that Guo and Kou (2019) considered the case a = 0
and b = 1. However, their proof can immediately be generalised to have supp f(x) = [a, b]¢ by
simply applying the transformation Y = (X —a)/(b — a)).

This, together with the fact that infy,cs fr(xg) > O for £ = 1,...,d (implying that
infye(g,1)« B(u) > 0), allows us to conclude that

sup |T1n(u)| =O0gq.s. (( @)

log n (t=d/p)y(d)
ue(0,1)4 n ) .

To take care of the second term T3, (u), we first recall the fact that for any sequences {a, : 1 < € < d}
and {b; : 1 < ¢ < d} of real numbers, we have

d d d -1 d
[Tac=]]bc=D ac=bo)]]bi [] an @®)
=1 =1 =1 i=1 h=C+1

with the product on the empty set being equal to one. See, for instance, Lemma 5.1 in Bouzebda et al.
(2011). Now, since fp_j(1)(Qn(un)) converges almost surely to f,(Qn(up)) foreach h =1,...,d,
we can write for n large enough

Fn i Qn(un)) = fu(Qn(un)) +0as.(1).



WAVELET ESTIMATOR OF MULTIVARIATE COPULA DENSITIES 105

It follows from this and (8) that

d d
B,(w) - B(u) = ]‘[ﬁ,j<1)<ée(uf)> - ]_[ff(Qf(w))

d d
= > {7500 @etwe)) - ff(Qf(uz))}]_[fz(Q @) [ ] Fuiy(@ntun))
t=1 h=t+1

d
Z {ff m)(Qe(W)) fé’(Qt’(W’))} {n fi(Qi(u;)) + o0qs. (1)}

=1 i+l

Therefore, since fr is bounded for £ = 1, ..., d, we have for some finite constant C > 0 that

d
sup |B,(u) - B(u)| < CZSUP|f€ J ) = fe) +o0a.s. (Z sup | f7 G = ft()’)|)-

llE(() l)d £=1 ye =1 ye
That is,
(t=1/p)y(1)
~ logn
sup |Bu(u) ~ B(w)| = O ( £ ) : ©)
ue(0,1)4 n
by applying Theorem 2 of Guo and Kou (2019) with d = 1. Since inf ¢ g 1)« B?(u) > 0, this readily
implies that
(t=1/p)y(1)
logn
sup [Toa(w)| = O ( 2 ) . (10)
ue(0,1)4 n

For the third term 73, (u), we can write, in view of (9) and for sufficiently large n, that

(A (u) = A(w)) (B, (u) - B(w)) (An(w) —Aw) ( B(w
B, (u)B(u) B(u) B, (u)

T30 (w)| =

(Aq(u) - A(u))
B(u) ’

Since infy¢ g, 1)« B(u) > 0, it follows from (6) that

1 (t=d/p)y(d)
Og”) . (11)
n

sup |T3n(u)| = Ou.s. ((

ue(0,1)4

The last term 7y, (u) is handled by using the same arguments. We have for sufficiently large n that

|(Bu(w) - Bw)?Aw)| _ B(w (B, (w) — B(w))A(u)
[T4n ()| = = = ||1-= >
B,,(u)B(u)? B, (u) B(u)
~ A(u)
< ‘(Bn(u)—B(u))B(u)z.

The ratio A(u)/B(u)? is bounded due to the fact that the density f(x) is bounded and
infye o,1y2 B(w)* > 0. Then it follows from (9) that
(t-1/p)y(1)
1
(Og”) ) (12)
n

sup  |Tyn(w)| = O
ue(0,1)4
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Finally, we conclude from (7), (10), (11) and (12) that

(t=d/p)y(d)
1
( Og") ) +Ous.
n

sup |5n(ll) —c(u)| =04,

log 1 (t=1/p)y(1)
n

ue(0,1)4
(t-d/p)y(d)
logn
=04.. ( g ) ),
n
since (t = 1/p)y(1) = (t —d/p)y(d) ford > 1. [ ]

Remark 2. Our result is the same as the convergence rate derived by Masry (1997) and Guo and
Kou (2019). It also coincides with the convergence rate in Theorem 3 of Giné and Nickl (2009) when
d=1and p =g = oo.

This result also improves the convergence rate achieved by Seck and Mamane (2024) under different
assumptions which are potentially satisfied by different classes of wavelet bases.
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