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In this paper, we investigate the almost sure convergence, in supremum norm,
of the rank-based linear wavelet estimator for the multivariate copula density over
Besov classes. Using empirical process tools, we establish a uniform limit law
for the deviation of an oracle estimator (which assumes known margins) from its
expectation. This enables us to derive strong convergence rates for the rank-based
linear estimator.
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1. Introduction

A copula is a multivariate distribution function C defined on [0, 1]¢
Unlike the linear correlation coefficient, it gives a full characterisation of the dependence between
random variables, be it linear or nonlinear. Given a vector (Xi,...,Xy) of continuous random
variables with marginal distribution functions Fi, ..., Fy4, the copula C may be defined as the joint
cumulative distribution function of the random vector (F|(X}), ..., Fg(Xg)) . If it exists, the copula
density is defined as the derivative, ¢, of the copula distribution function C with respect to the

, d > 2, with uniform margins.

Lebesgue measure:

ad
c(uy...,uq) = udC(ul,...,ud), vV (uy,...,uq) € (O,I)d.

Ouy -0
Nonparametric estimation of a copula density is an active reseach domain that has been investigated
by many authors. For instance, Gijbels and Mielniczuk (1990) and Fermanian and Scaillet (2003)
used convolution kernel methods to construct consistent estimators for the copula density, while
Sancetta and Satchell (2004) employed techniques based on Bernstein polynomials. A drawback
of kernel methods is the existence of boundary effects due to the compact support of the copula
function. To overcome this difficulty, some approaches have been proposed. For example Gijbels
and Mielniczuk (1990) used a mirror-reflexion technique, while Chen and Huang (2007) employed
a local linear kernel procedure. In the same vein, Omelka et al. (2009) proposed improved copula
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kernel estimators to mitigate the boundary bias problem. Recently, Geenens et al. (2017) introduced
kernel-type estimators for the copula density, based on a probit transformation method that can take
care of the boundary effects.

In this paper, we deal more neatly with the boundary bias problem by using wavelet methods, which
are very convenient to describe features of functions at the edges and corners of the unit cube, because
of their good localisation properties. Indeed, wavelet bases automatically handle the boundary effects
by locally adapting to the properties of the curve being estimated. The use of wavelet methods in
density and regression estimation problems is surveyed in Hérdle et al. (1998), where approximation
properties of wavelets are discussed at length. For more details on wavelet theory we refer to Meyer
(1992), Daubechies (1992), Mallat (2009), and Vidakovic (1999) and references therein.

Wavelet methods have been already used in nonparametric copula density estimation. For instance,
Genest et al. (2009) dealt with a rank-based linear wavelet estimator of the bivariate copula density
and established, under certain conditions, its optimality in the minimax sense on Besov-balls for the
Ly-norm loss, as well as on Holder-balls for the pointwise-norm loss. Autin et al. (2010) extended
these results to the nonlinear thresholded estimators of multivariate copula densities. These nonlinear
estimates are near optimal (up to a logarithmic factor) for the L,-norm loss, and have the advantage
of being adaptive to the regularity of the copula density function. In a similar vein, Gannoun and
Hosseinioun (2012) established an upper bound on L ,-losses, 2 < p < oo, for linear wavelet-based
estimators of the bivariate copula density, when this latter is bounded.

Our goal in this paper, is to establish almost sure convergence rates, in supremum norm loss, for
the linear wavelet estimator of the multivariate copula density. Our methodology of proof is inspired
by Giné and Nickl (2009), who provided almost sure convergence rates, in supremum norm loss, for
the linear wavelet estimator of a univariate density function on R. Here, we want to extend this result
to a multivariate copula density on (0, 1)?. In fact, we prove that under the condition of sufficient
regularity of the multivariate copula density ¢ (i.e., ¢ belongs to the Besov space of regularity ¢,
denoted as B, ., ((0, 1)4) and corresponding to the Holder space of order ) and the resolution
level, say j,, satisfies: 2/» =~ (n/logn)'/(**4) then the rank-based linear wavelet estimator of ¢
converges almost surely, in supremum norm, with a rate of the order O ((log n/n)[2(t=1-d1/[22t+d) ]y
Moreover, we show that, in contrast, the oracle estimator (obtained for known margins) attains the
optimal convergence rate which is O ((logn/n)!/(21+4)),

The rest of the paper is organised as follows. In Section 2, we recall some facts on wavelet theory
and define the rank-based linear wavelet estimator of the multivariate copula density as in Autin et al.
(2010). Section 3 presents the main theoretical results along with some comments. In Appendix
A, we recall some useful facts on empirical process theory. Appendix B contains the proof of the
uniform limit law given in Proposition 1.

2. Wavelet theory and Estimation procedure

Let ¢ be a father wavelet and  its associated mother wavelet, which are both assumed compactly
supported. Cohen et al. (1993) proposed orthonormal wavelet bases for L, ([0, 1]), the space of all
measurable and square integrable functions on [0, 1]. Precisely, for all fixed jo € N, the family
{bjoq 1 1 = 1,...,2«"0}U{lpj,l :j = jo,l =1,...,27} is an orthonormal basis for L,([0, 1]),
where ¢;;(u) = 2/2¢(2/u — 1) and ¢ ;(u) = 272y (27u - 1), Vj,l € Z, u € [0,1] . Using
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the tensorial product, one can construct a multivariate wavelet basis for L, ([0, 1]¢), d > 2. For
k=(ki,...,kg) € 74 define the following functions of u = (uy,...,uy) € [0, 1]d:

d
Gok (et tta) = [ | Bk (m), (1)
m=1

d
1-
!l’;,k(ul’ s I/td) = | | ¢j,kf:' (um)l//;j';(m (um)’
m=1

where € = (€1,...,€4) € Sd. ={0,1}¢\ {(0,...,0)}. Then the family {¢jo,k,l//;h 2 j = jo,k €
{1,...,2034 h € {1,...,2/}4, € € Sy} is an orthonormal basis for L,([0,1]¢), for any fixed
jo € N. Thus, assuming that the copula density ¢ belongs to L,([0, 1]¢), we have the following

representation:
cw= Y adpk@+ > Y B (W), @)

ke{l,...,2/0}4 JZjoke{l,...,2/}d €€Sy

for all u € [0, 1]¢, where the scaling coefficients a o,k and wavelet coeflicients /3’; K are respectively
defined as

a’jo,k:/ c(w)@j, k(w)du and 5,6',1(:/ c(uy s (u)du.
(0,114 ’ [o,114 |

Now, let (Xi,...,X;) be an independent and identically distributed (i.i.d) sample of the ran-
dom vector X = (X1,...,Xy), with continuous marginal distribution functions Fi, ..., Fy, and
where X; = (Xi1,...,X;q), i = 1,...,n. The distribution function of the random vector
U; = (F1(Xi1),-..,Fa(Xiq)) is the copula C and its density, if it exists, is ¢. Denoting the ex-
pectation operator by E, the coefficients «, x and ﬂ;k can be rewritten as follows:

@jok = E[¢o,k (U], ,Bj',k = E[‘/’fk(Uz)]
If the margins F1, ..., F; were known, natural estimators for a;, i and ,8;. « Would be given by
- 1< R
Fjoke = Z‘ ¢ok(Ui).  Fix=- Z‘ 5k (Ui).
= =

But, usually the marginal distribution functions Fi, ..., F; are unknown; and it is customary to
replace them by their empirical counterparts Fy,, ..., Fg, (or rescaled versions thereof), with

n

1 .
an(xj)=;Z]I(X,~j ij'), ]:1,...,d, xJ-ER,
i=1

where I(-) denotes the indicator function. Then, putting U; = (U4, ...,U;4), where 01-1- =Fin(Xij),
j=1,...,d;i=1,...,n, the modified empirical coefficients are

. 1 < . . 1 v .
Tk = - Z $ix(Ui), Bl = - Z ¥ (Uo).
i=1 i=1
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Now, choosing a suitable resolution level j,, > jo and considering the orthogonal projection of
c onto the sub-space V;, of the underlying multiresolution analysis on L»([0, 1]9), we obtain the
rank-based linear wavelet estimator of c:

Gow= > audnw,  ue (0D 3

ke{l,...,.2/n}d

As remarked in Genest et al. (2009), the estimator ¢}, is not necessarily a density, because it can
take negative values on parts of its domain and fails to integrate to 1. In practice, some truncations
and normalisations are necessary for its use.

To obtain the strong convergence rate of the linear estimator ¢, , our methodology of proof follows
the empirical process approach developed in Einmahl and Mason (2000); see also Giné and Nickl
(2009), Giné and Guillou (2002). In fact, we can rewrite ¢, in terms of the empirical measure. Let
us define the following kernel functions: for all (x,y) € R?,

2Jn
K(x,y) = > (x=Dg(y -1, @)
=1
K, (x,y) = 27K (27x, 27 y).

FOI‘XZ(X1,...,xd) ERd, y=(y1,...,yd) ERd,

d
K(x,y) = [ [ KCom, ym),
m=1

d
K, (%,¥) = [ | Kjy Coms ym).

m=1

Then, the linear wavelet estimator ¢, can be rewritten as
1 v . 2djn I o
&j,(w) == 3 K, (O, 0) = — > K0, 2. )
n n
i=1 i=1

3. Asymptotic behaviour of the estimator

Let us introduce an auxillary estimator ¢}, corresponding to the case where the marginal distribution

functions Fi, ..., F; are known. In this situation, (U;y,...,U;q) = (F1(Xi1),...,Fa(Xiq)), i =
1,...,n, are direct observations of the copula C, and ¢;, may be defined as
Guw= Y &,k kW), ©6)
ke{l,...,20n }d
where

_ 1 v
@k = ; @i k(F1(Xi1), ..., Fa(Xia))

is an unbiased estimator of @, k.
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For all u € (0, l)d, we can decompose the estimation error ¢, — ¢ as

¢j,(m) —c(u) = [¢;,(w)~¢j, (W]+[é,(n) - Ej, ()] +[EC), (u) - c(u)]
=: R,(u)+D,(u)+ B,(u). ©)]

To obtain the almost sure convergence rate of ¢;, uniformly in u € (0, 1)¢, we have to investigate
the limiting behaviour of each of the three above terms. We need the following assumptions in the
sequel :

(H.1) The father wavelet ¢ € L?(R) is bounded, compactly supported and admits a bounded deriva-
tive ¢’.
(H.2) There exists a bounded and compactly supported function ® : R — R, such that |K (x,y) <

2jn

®(x —y),Vx,y € R and the function 64(-) = 23—, |#(- — k)| is bounded.
(H.3) The kernel K satisfies, for all y € R, /_O:O K(x,y)dx = 1.

(H.4) Asn — oo, the sequence (j,),>0 satisfies

: n Jn
Jn /o0, j—n22(d+1)/n — 00, —log logn
Remark 1. Assumptions (H.1), (H.2) and (H.3) are usual conditions that are satisfied by many
wavelets bases, for example the Daubechies wavelets and the Haar wavelet ¢(u) = 1[¢,17(u). The
conditions in Assumption (H.4) are analogous to some conditions imposed on the bandwidth param-
eter in convolution-kernel estimation methods.

The following proposition gives the asymptotic behaviour of the second term D, (u) in (7),
corresponding to the deviation of the auxillary estimator ¢, from its expectation. In the sequel, we
denote I = (0, 1), |||l = SUpyeza |c(u)| and for any bounded real function ¢ defined on R, d > 1,

llellco = supycra l(x)].
Proposition 1. Suppose that Assumptions (H.1-4) hold and that the father wavelet ¢ is uniformly

continuous with support [0, B], B being a positive integer. If, moreover, the copula density c is
continuous and bounded on 14, then we have almost surely (a.s.),

¢i (w) —E¢; (u
lim r, sup 1€, (w) — Ej, () = Vll¢|loos ®
n—eo U ra \//RdKZ(X,2j"ll)dX

n
= — 9
" (2d10g 2) j,,24in ©)

Proof. Itis largely inspired by Giné and Nickl (2009) and is postponed to Appendix B. It will consist
of establishing a lower bound and an upper bound for the limit in (8), a methodology borrowed from
Einmahl and Mason (2000); see also Giné and Guillou (2002). [ |

with

Remark 2. Proposition 1 gives the exact almost sure convergence rate, in supremum norm, of the
deviation D,, to zero, which is of order O(+/j,2%/n /n). In fact, by Assumptions (H.1), (H.2) and
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(H.3), the quantity /Rd K?(x, 2/7u)dx can be bounded: there exist two positive constants D and D5
independent of u and » such that

D, < / K?(x,2/"u)dx < D,. (10)
Rd

,/anﬂ) (11)
n

The following theorem constitutes our principal result. We need some notation before stating it.
Let N be a positive integer and = N + @,0 < a < 1. For any bounded real function f defined on
14 and possessing derivatives up to order N, set

This readily implies

sup Dy (w)] = Ous.

ueld

IEIOENRION

lu —v|®

N
1£llrco00 = Ills+ > sup

k=0 u#v,u,veld

(12)

We say that f belongs to the Besov space of regularity ¢, Bﬁo,oo(ld), if and only if || £ 00,00 < 0.
The following condition is also needed for the proof:

Condition 1(N): the father wavelet ¢ admits weak derivatives up to order N € N, that are all in

LP(R?) for some 1 < p < co.

Theorem 1. Suppose that the assumptions of Proposition 1 are fulfilled. If, moreover, ¢ belongs to
fo,,w(ld) and ¢ satisfies Condition 1(N), with (d +2)/2 <t < N + 1, then, if 2/ ~ (n/log n)ﬁ,
we have as n — oo,

sup |¢, (w) —c(u)| = Oq.s.(Ry), 13)

ueld

where R, = 1/22(1+d)jn (log log n) /.

Proof. In view of decomposition (7), it suffices to handle the first and the last term. The behaviour
of the second term D, (u) is given by the previous Proposition 1. Let us begin with the first term
R, (u). We have, fork = (ky,...,kq) € Z9,

1 n
¥jk ~ @juk = Z (@) k(Fin(Xit), - . ., Fan(Xia)) = ¢, x(F1(Xi1), . ., Fa(Xia)) |
i=1

l n
= ; ka(xll, ... ,Xid)’
i=1
where we set

&(Xin, - Xia) = 04, k(F1a(Xi1), - - s Fan(Xiq)) — ¢, x(F1(Xi1), - . ., Fa(Xia)).

For d = 2, by using the multiplicativity of ¢;, k (see (1)), one can prove that (see also Genest et al.,
2009) that, with k = (k1, k2):

E(Xit, Xin) = €k (Xi))ér, (Xi2) + €k (Xi1) D by (F2(Xi2)) + Eky (Xi2) Bk, (F1(Xi1)), (14)
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where &k, (Xim) = @ ju ko (Fin(Xim)) = @ jukip (Fin(Xim)), form =1, 2.
By induction of (14), we obtain for all fixed d > 2 that

U

&(Xin, ..., Xig) = Z D T € Xam)] ™ [$ik Fn(Xeu))] ™ (15)

€1+...+€4=q m=1
where (€1, . .. €4) € {0, 1}9. Recall that ¢ ;(u) = 2//2¢(2/u~1),V¥j, 1 € Z. By using the derivability
of ¢ by hypothesis, we can write, forallm =1,...,d,

Jn

2z ¢7(2]n mn(sz) m) - 2j7n¢(2jnFm(Xim) - km)
25]” [an(Xim) - Fm(Xim)] ¢/(§im),

é:km (Xim)

where iy, lies between F,, (Xip) and Fp,(X;,). Now, combining the Chung’s law of the iterated
logarithm (Chung, 1949) with the boundedness of ¢ and ¢’, we obtain, forallm =1, ..., d,

loglogn
—Ees g 2O ller @,

3
|§km (Xim) | <2%n
Thus, for d = 2, the expression in (15) can be bounded above; that is

log log n

3. [loglogn 3. -1
|§k(xi1,xiz)|s(2zf" L)y ||oo) #2200 [RE R (2% ) as. (16

Since

3j, (loglogn
2 ( 2n ) 1 (] 221") (loglogn)l/2

. log1 \/_ n J ’
22];1 ngzgn n

which, by (H.4), converges to 0 as n — oo, then 23 (loglogn)/(2n) = 0(2%/»+/(loglogn)/(2n)).

That is, for d = 2,
22 lloglogn) '
n

By induction of formula (16), we get for all d > 2, with C :l the binomial coeflicients,

d
3. loglogn
|§k(Xila-~-,Xid)|SCS(ZH"\/ £ o8 lg’ ||m) (17)
] ] d-1
3 oglogn jn
+C31(22’"\/ £ o8 I’ IIOO) (212 I|¢||oo)

3. [loglogn in d-1
23[R ¢! ||oo) (2% gl

|k (Xi1, Xi2)| = O4

d-1
+Cy
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Note align the number of terms in the summation on the right-hand side of inequality (17) is equal
to d. Moreover, as we observe in the case d = 2, all these terms are dominated (small-o’s) by the last
one, which is of order O, 5 (23/n (loglogn)/n 29" Jn). Then

52, [loglogn .
n
V4 /loglﬂ).
n
2Jn

Finally, by using the boundedness of the function 64(x) = ;2 |¢(x — )|, we obtain

&k (Xi1, .- .. Xia)| = Oqs.

and

N N
1@ b = @kl = o Z €k (Xit, - - -, Xia)| = Oas.
i=1

d
N - N o 4 . .
k(@ =@l < >,k =@ kl28 | [ 6@ — ki)

ke{l,...,2in}d m=1

242d ; loglogn
106015272 ""‘/Tl

(jn22<“d>fn )”2 (log 10gn)1/2
n Jn

=: 04.5.(Ry).

Hence,
sup |R, (W] = Ou.5.(Ry). (18)
ueld
To handle the last term B, (u) corresponding to the bias of ¢;,, we make use of approximation
properties in Besov spaces. Let K, denote the orthogonal projection kernel onto the sub-space V;,.
That is

Kj,(c)(u) = /Id K, (u,v)c(v)dv, uel’.

Then, we can write
B,(u) =E¢j, (u) —c(u) =K;, (c)(u) = c(u).

Since ¢ satisfies Condition 1(N) and ¢ € B;’w(ld), (d+2)/2 <t < N +1, then Theorem 9.4 in
Hiérdle et al. (1998) gives:
1K, (¢) = elleo < A279",

where A is a positive constant depending on the Besov norm of c¢. Hence

sup |B,(u)| = 0(27/"). (19)

ueld
In view of (11), (18) and (19), we can write

+0(Q27") + 044 (Ry).

ueld

] 2djn
sup |8, (w) —c(u)] = Oa. ( ]"T
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Now, if 2/» ~ (n/log n) 7+ , the terms +/ Jjn24Jn [n and 27777 are equivalent and are both less than R,
because /j,24/n /[n/R, — 0, as n — oco. Thus,

sup |¢;, (w) = c(u)| = Oq.s.(Ry),

ueld

which completes the proof of Theorem 1. [

Remark 3. Note that R,, = /22(4d)Jjn (log log n) /n < /22(+d)jn (log n) /n. Therefore, we can write
Ous(Ry) =045 (\/22(1+d)f"(log n) /n). Thus, Theorem 1 implies that if 2/ =~ (n/logn)'/(2t+d)
then the rank-based linear wavelet estimator ¢, converges almost surely to ¢, in supremum norm,
with a convergence rate of the order of (logn/n)?(/~1=-d)/2(2+d)) ~Ope can note that this rate is
weaker than (logn/n)’ /Q2r+d) , which is the best attainable rate for this norm; see, e.g., Juditsky and

Lambert-Lacroix (2004). However, it is obtained for very standard conditions and covers a large
class of wavelet bases, such as Haar, Daubechies, and Meyer. In contrast, the oracle estimator ¢,
attains the optimal rate of convergence for the supremum norm. In fact, for all u € 74, we have

¢j,(w) = c(u) =¢j, (u) - E¢j, (u) +E¢j, (u) — c(u) = D, (u) + B, (u)
which implies

sup [€;, (w) —c()[ =Oqs.
ueld

P djn
ﬂ + 2_]."1 .
n

Thus, if 2/» =~ (n/logn)'?*4) the terms v/j,2%n/n and 27/»' are equivalent and equal to
(logn/n) %2 which is the optimal rate for the supremum norm over the Besov class B, (1 )y,

Comment. We are currently working on a different estimator proposed by a reviewer. Under different
assumptions which are potentially satisfied by different classes of wavelets, this estimator achieves
an optimal uniform convergence rate.

Appendix A: Useful results on empirical process

Bernstein’s inequality (maximal version):
Let Zy, ..., Z, be independent random variables with E(Z;) =0,i = 1,...,nand Var(}, Z;) < v.
Assume further that for some constant M > 0, |Z;| < M,i=1,...,n. Thenforallz > 0

q
S
i=1

Lemma 1 (Lemma A.1, Einmahl and Mason, 2000). Let ¥ and G be two classes of real-valued
measurable functions on X satisfying

P (max >t

qs<n

2

IfI<Fx), feF, xelk,
where F is a finite valued measurable envelope function on X;

llgll < M, g€g,
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where M > 0 is a finite constant. Assume that for all probability measures Q with 0 < Q(F?) < oo,
N(e(Q(F)'2, F,dg) < Cie™, 0O0<e<l,
and
N(sM,g,dQ) < Cre™2, 0<exl1
where vi,vy,C1,Cy > 1 are suitable constants. Then we have for all probability measure Q with
0 < Q(F?) < o,
N(eM(Q(F))'?, FG,dg) < C3e™ 7", 0<e<l

for some finite constant 0 < C3 < oo.

Proposition 2 (Einmahl and Mason, 2000). Let Z, Zy, Z», . . ., be a sequence of i.i.d. random vectors
taking values in R™, m > 1. For each n > 1, consider the empirical distribution function based on
the first n of these random vectors, defined by

1 n
Guls) =~ Z lz<s, s€ER™,
i=1

where as usual z < s means that each component of z is less than or equal to the corresponding
component of s. For any measurable real valued function g defined on R™, set

Gn(g) =/Rm g(s)dGnu(s),  u(g) =Eg(Z)  and o(g)=Var(g(2)).

Let a, : n > 1 denote a sequence of positive constants converging to zero. Consider a sequence
Gn = {g(") 2i=1,....kn} of sets of real-valued measurable functions on R?, satisfying, whenever

i

8,@ € Gn:

kn
P(g"(2)=0, g (2) =0, i#j and Y P(g\"(Z)#0)<1/2
i=1

Further assume the following:

o Forsome(Q <r < oo, ank, — r, asn — oo.

e For some —oo < uy, pup < oo, uniformly ini = 1,...,k,, for all large n, a,p; < p(gl.(")) <
ap 2.

» For some 0 < 0 < 09 < oo, uniformly ini = 1, ... ky, for all large n, oi\na, < &(gl.(")) <
o\nay,.

e For some 0 < B < oo, uniformly ini =1, ..., ky, for all large n, |gl.(")| <B.

Proposition 3. Under these assumptions, with probability one, for each 0 < & < 1, there exists an
N such that forn > Ng,

Vi{Gn(s;") — (")}

max >1-¢

1<i<ky 5—(gl.(")) 2[loga,|
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Talagrand’s inequality:

Let X;, i = 1,...,n, be an independent and identically distributed random sample of X with proba-
bility law P on R, and G a P-centered (i.e., / gdP = 0 for all g € G) countable class of real-valued
functions on R, uniformly bounded by the constant U. Let o be any positive number such that
o > SUPgcg E(g?(X)). Then, Talagrand’s inequality (Talagrand, 1996) implies that there exists a
universal constant L such that for all ¢ > 0,

q
—t tu
P r;lélr)l( Zg(Xi) >FE+t SLexp{mlog(l+7)}, 21
i=1 G
with
E=E|> ¢(X)| and V=E|> (g(X)’
i=1 G i=1 G

Further, if G is a VC(Vapnik—Cervonenkis)-type class of functions, with characteristics A and v, then
there exist a universal constant B such that [see, e.g., Giné and Guillou, 2002]

E<B

AU —— AU
VU10g7 +\/; na’27] (22)

Next, if o < U/2, the constant A may be replaced by 1 at the price of changing the constant B, and
then if, moreover, no> > Cylog (U/o), we have

U
E < Ci4|no?log (—) and V < L'no?, (23)
o

where C}, L’ are constants depending only on A ,v and Cy. Finally, it follows from (36) and (23)
that, for all # > 0 satisfying: Cjy/no2log (U/o) <t < Cano?/U for all constants C; > Ci,

n

D a(xy)

i=1

P max
np_1<n<ng

-1 72
>t|<Rexpyi——¢, 24)
G C; no?

where C3 = log(1 + C2/L")/RC, and R a constant depending only on A and v.

Appendix B: Proof of Proposition 1
Upper bound

Lemma 2. Under the assumptions of Proposition 1, one has almost surely

D
lim sup r,, sup 1Dn (W] < Vllelleo- (25)
n—oo ueld \//]Rd KZ(X, 2jnu)dx

Proof. Given A > 1, define n;, = [1¥], k € N, where [a] denotes the integer part of a real a. Let
0m = 1/m, m > 1 integer, then we can cover the set [ d by a number /. of small cubes Sk -, each of

side length 6,2/, with
1 d 2 \¢
I, < i 1] < _ , 26
k= (6m2_']nk ¥ ) B (6m2_']nk) ( )
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for k large enough. Let us choose points ug , € Si_, N I, r=1,...,1x. We want to prove Lemma
2 over the discrete grid of points {uy  : ¥ = 1,...,I;}. Forall 7 € (0, 1) we claim that

nmsup\/ = X max (D, ()| < (epVIEIIRL @)

n ma
koo \ (2d10g2) jp, 2%me 1<r<ly ni-isnsn

where we note
[K?] = / K2 (x, 2/"u)dx.
R4

To prove (27), we apply the maximal version of Bernstein inequality (see, Appendix A above). Given
uel?and k €N, for all n satisfying : nx_; < n < ny let

Z:(u) = K(2/"U;, 2/"u) — EK(2/"U;, 2/mu), i=1,...,n.

Observe that for each n, the Z;(u) are independent and identically distributed zero-mean random
variables, and for all u € 1,

2din &
Dy(u) = == 3 Zi(w). (28)
i=1

By hypothesis (H.2), we have

d d
K@U, 277w)] = [ [IR Q@7 Ui, 277 um)| < | [ @7 (Ui = um)) < @IS,
m=1 m=1
where ||®|| = sup, g |P(x)|. This implies
[EK[(2/U;, 27" w)]| < Bl|[®I3, = |®|<.

Thus, for allu € 14,
1Zi(w)| <2< := M.

Since the Z;(u),i = 1, ..., n are independent and centered, we can write for n = ny
ni
Var (Z Zi(u)) =nmVar(Z;(n)) = nk]E(le(u)).
i=1
Then using the change of variables s = 27y, s = (s1,...,84),x=(x1,...,xq), we obtain
E(Z}(u)) < EK*[(2/%Uj,2/mu)

/ K?(2/ns, 27mcu) e (s)ds
Id

IA

IA

2~ diny [le]leo / . Kz(x, 2/ncu)dx,
[O,ZJnk ]d

which yields

03
Var (Z Zl-(u)) < ng2” ||c||oo/ K?(x, 2/"u)dx := o}.
i=1 R?
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Now, applying the maximal version Bernstein’s inequality, for each point uy ,, we obtain for all

t>0,
szkr)

.

]P’( max

Ng-1<nsng

—2
>[) <26Xp{m}, (29)

)

which yields

ZZ (uk r)

P| max max
1<r<iy ng-1<n<ng

2 At (O, o,

r=1

Ik
< Z; (nkrlriegink ZZ(uk,) >t)
r=
_p2
< l 2ex —_— .
S PEENC YT,

Letz = \/2(1 + )2~ % log 2977 || ¢ || [K2]. Then, for k large enough, 1 — co. Combining this
with (26), we obtain after some little algebra,

t2

IA

max,,, " Zi(a _
P lm?U% ng_1<n<ng |Zl,1 ( k,r)| S m Zlk exp > - a
<r< . .

<<t Jom2-in tog 20 el| o[ K2] ez + el
21y exp {—(1 +17) log Zdj"k}

< 2dg domdmnin,

IA

Since the series Y502 41k < o, the Borel-Cantelli lemma yields

max,, " Z:(a
s msznm |20 Zi ()| > JT57| = 01). (30)
=< J(2d10g2)ngjin 2 o K]

That is

max,, > Zi(ug
11msuplr<ria<>§ M1 S |Zl_1_ (W) <+l+n, as. (31)
e 10 [0 Tog D)mg j, 2 el [K2]

Since the function x > x272* is decreasing for x > 2log 2, we have for ny_; < n < ny, and k large

enough,
N jn 2~ dj"k Mo [
T <Va. (32)
nj,2-4in Nr—1

In view of inequality (32), Statement (31) yields

max o Zi(ug,
limsup ma ML ST |Zl 1 it )| <VA(1+7n), a.s. (33)
b 1575l V(2dlog2)nj,2=4in]|clle [K?]
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Now, multiplying the numerator and the denominator of the fraction in (33) by the factor 24/» /n, and
recalling the expression of D, (u) in (28), we finally get for all € (0, 1),

. maXy, _, <n<ny \/E|Dn(uk,r)|
limsup max

k—oo 1srsik \/(2d IOg Z)and/,,

which proves Lemma 2 over the discrete grid.

Next, to prove Lemma 2 between the grid points, we shall make use of Talagrand’s (1996) inequality
in (21). Letus introduce the sequence of functions defined as follows: foralln > 1,k > 1,1 <r < I
and any fixed u € Si ,, define

< A1+l [K2], (34)

g\ (s,u) = K(2/ws, 2wy ) — K(27s,27na), s e 19, 35)
and set, forall 1 > 1,

Gi.r(d) = {g IS g,(("r)(s, u):ue SN 14 ng_y <n < nk} .

Let S = (Sy,...,84) be a vector of [0, 1] uniform random variables, now we have to check the

following conditions in order to apply Talagrand’s inequality:
i) The classes Gk (1), 1 < r < I, are of VC-type with characteristics A and v;
ii) Vg € Gk,r (1), lIglle < U;
iii) Vg € Gi.r (1), Var[g(S)] < o3
iv) 0% < U/2and ngo} > Colog (U/oy), Co > 0.

These conditions will be checked below.

Recall that U; = (F1;(X;1), ..., Fai(Xiq)), i = 1,...,n, is a sequence of independent and identi-
cally distributed vectors of [0, 1] uniform components. We have shown (see below) that each class
Gr.r(A) satisfies all the conditions i), ii), iii) and iv) for U = 2||®[|4, and 07 = D2~ %/ ||c oo’ (6m),
where w4 is the modulus of continuity of ¢ defined below in (43) and Dy is a positive constant de-
pending on |®|| and d. Then, Talagrand’s inequality gives, for all t > 0,

-1 £
P max >t|<Rexpq— 50> (36)

ni-1<n<ng

C3 nkO'k

i=

> (g(Uy) - Bg(U))
1 gk,r (/l)

which yields, by taking the maximum over r and ¢t = C[ng 0']% log ((%),

n

2 (&(U) ~Eg(Uy)

i=1

P| max max

1<r<ly ng-1<nsng k

_C12 U

>t| < Rlgexpy——log|—|¢. 37
C3 (o

Gk,r(l)

Whenever m — o0, wg(6,,) — 0. Hence, for any & > 0, there exists mo € N such that w4 (5,,) < &
for m > mg. Using this fact, we can replace a']f by 4D2”%nk ||| 0, for m large enough. We also
have, for k large enough,

U U
1 — | =1 _ i, l0g2 ~ j,, log2,
Og(a'k) 08 (4D8||C||oo) T Imi 108 I 08
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and thus, for k, m large enough,

/ U ;
t=0C nk(r]% log (O'_k) ~ \/4DC12nk2’d/"kdjnk log 2 g|c|co-

By combining these facts with (26) we obtain, with A9 = V2D,

MmaXy, <n<ng ||Z:l:1 (g(U;) - Eg(Ui))HQkJ(/l)

\(2d10g Dy ju, 274

P| max
I<r<iy

49

> Aovellcll | < 4RG™2271CT/2Cs =12

(3%)

Now, we can choose the constant C; in such a way that C% /2C3 — 1 > 0; in which case the series

2 k>0 2~ [CH/ACs =112, converges. Thus, the Borel-Cantelli’s lemma implies

maXp, | <n<ng “Zf;l (g(UL) - Eg(Ui))”gk.r(/l)

\/ (2d 10g 2) 1y jn, 2~ Yk

P| max
1<r<ix

> Agvellello [ = o(1),

that is

maXp,_;<n<ng ||Z:l:](g(Ul) - Eg(Ui))“gkr(,l)
. < AgvVellcllo, a.s.

limsup max
koo 12r<l \/(Zd log 2) 1y jn, 2~V

Arguing as in the discrete case, with Statement (32) in view, we conclude that

) maXp, | <n<ng \/ﬁ”Dn(uk,r) - Dn(u)”gk ~()
limsup max ‘ .
k—oo 1<r<lk vV (2d log 2) jp2din

which completes the proof of Lemma 2 between the grid-points.

< ApvAagl|c|les  a.s.,

Now recapitulating, we can infer from (34) and (41) that

ma D, (u
imsup max S " < +1n)||c||oo + ApVA€|¢||o, a.s.
1. p ng_1<n<ni V_| n( )| A1 K2 A 1

k—oo 1=r<ili */(410g2)jn2‘2f"

Since i and ¢ are arbitrary, letting A — 1 completes the proof of Lemma 2.

Checking conditions i), ii), iii), iv)

Checking i): Observe that the elements of the class Gx (1) may be rewritten as

d d
g](cn;? (s,u) = l_l E(Zjnk sm,zjnk Ukrm) — ]_[ E(zjnsm’zjnum),

m=1 m=1

2Jn

(39)

(40)

(41)

(42)

where K(x,y) = 3 =1 ¢(x — D¢(y — 1), with ¢ compactly supported and of bounded variation.
For m = 1,...,d, define the classes of functions: 75, = {v = Y,z ¢(2/w — )¢p(2/v - 1) :
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w € [0,1],j € N}. By Lemma 2 in Giné and Nickl (2009), Fi, ..., F,, are VC-type classes of
functions. Moreover, ¥, . . . , F, are uniformly bounded. Indeed, for all w € [0, 1], j € N, we have
212:1’ d2Iw = D27 - —l)‘ < [|¢lleoll@g o, as the function G4 (x) = 212:; |¢(x — I)| is bounded.
By Lemma A.1 in Einmahl and Mason (2000), this implies that the product ¥ - - - 7, is also a
VC-type class of functions. Now, using properties (iv) and (v) of Lemma 2.6.18 in van der Vaart

and Wellner (1996), we can infer that the classes of functions Gy - (4) are of VC-type for all &, r fixed.

Checking ii): Forall k > 1, 0 < r < Iy, ng_1 < n < ng, using hypothesis (H.2), we can write

|g,(<f’r)(-,u)‘

IA

K27, 27mcuy )| + [K (277, 27m )|

IA

d d
[ [ K@ 20 ) + | | K29, 200) < 2)10)14,

m=1 m=1

and ii) holds with U = 2||®||<.

Checking iii): Forall k > 1, 0 <r < I, ng—1 < n < ng. As in Giné and Nickl (2009) we choose
A € (0,1), such that j,, = j,. By a change of variable s = u + 27Imex, s = (s1,...,54), X =
(x1,...,xq), w= (uy,...,uq), we have

2 (e sw)’

E [(K(Zf"kS, 2imcuy ) — K(29% S, 20 u))z]

/ (K (27 s, 27wy, ) — K(2/mk s, 27m u))2 c(s)ds
14

% / (K(2mu + x, 27wy ) — K(27mw + x, 27 u))2 dx
2~ 4Iny [_z_ink ,2jnk 14
< 27%m el / (K(2/u + x, 27wy, ) — K(2/ma + x, 27 u))2 dx.
Rd
To simplify, let us take w = 2Jncn + x, then dx = dw, w = (Wi, ...,wg) € R,

Put A(w) = K(w, 2/cuy ) — K(w, 2/7« u); using the multiplicativity of the kernel K, we can rewrite
A(w) as

d d
Aw) = [[Rown 2w, ) = [ KOvr2mu,0)
I=1 =1
d d
= Z[E(Wz,Zj”kuk,r,z)—E(Wl,2j"kuz)] l_[ K(Wp, 2mcugy ).
=1 p=l,p#l

For any ¢ > 0, the modulus of continuity of ¢ is defined as

wg(6) = {sup|p(x) — ()| : |x — y| < 0} (43)
Recall that K (x,y) = Zij:"l ¢(x — h)¢(y — h). Combining these facts with the inequality (a; + - - - +
aq)? < d(at +---+a?), and Fubini’s Theorem, we get

d

d
—~ . — . 2 — .
[ amraw < [ 3[Rz, - Kooz [] B2, )aw.
R4 R 1 p=1l,p#l
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Then
A 2
d 2Jn
[ amiaw < ay [ 15 6@ - DI~ 1) - 6@ - )]
R4 = R4 el
d —_~ .
X KX (Wp, 2/ u , p)dw
p=1,p#l
d 2in . 2 d _ .
< dw%b(ém)z‘/Rjd Z¢(21nkwl—h) 1_[ Kz(wp,zjnkuk,r’p)dw
=1 h p=1,p#l
< dw’(6m) / ¢ 2wy — h)| dw; / K> (W, 27ug  p)dw,.
(] m p» sIsp p
=1 YR | h=1 p=1,p#l VR
Now, since the family {¢(- — k) : h = 1,...,2/n} is an orthonormal basis, the quantity
, 2
fR (Zf;:l o(w; — h)) dw; can be bounded by a constant My; thus
d d _ _
[amraw < Modyom Y, [] [ Rrp 2w i,
R4 =1 p=1,p#l R

< Myd*w(6,m)D,

where we use Hypothesis (H.2) for the last inequality, with D a positive constant depending on || ®|| -
Finally, we obtain

2 .
E [(g,i’}j (S.w) ] < Mod” D2~ |¢llcotwy (6m), (44)
and iii) holds with
o} = D2 Y ||cllww?y (6m), Do = Mod®D. (45)

Checking iv): For m > 0 fixed, we have

1/24-4 1/2
o D27 ellw e (6m)

U 2l

— 0,k — oo,

which implies that o3 /U < &, for all & > 0 and k large enough. Hence, for £ = 1/2, we have
o < U/2. We also have, for all large &,
nkO',f Donkllcllmw?f,(ém)
log (%) Ju 24 Tog 2

by Hypothesis (H.4). This readily implies that, for any constant Cy > O, nkO',f > Colog (U/oy) for
all large k, and iv) holds.
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Lower bound

Lemma 3. Under the assumptions of Proposition 1, one has almost surely

D,
liminf r,, sup Du(w) > Vll¢lloo- (46)
T et [f K2 [(x, 200w dx

Proof. 1t is an adaptation of the proof of Proposition 2 in Giné and Nickl (2009), which is, itself,
inspired by Proposition 2 in Einmahl and Mason (2000). According to this latter proposition,
(46) holds if and only if for all > 0, and all large n, there exists k, =: k,(7) points z; , =
(Zlims---+2d.in) € I, i =1,..., k, such that, for functions gf") (s) = K(2/ns,2/nz; ), s € 14,
and for U = (Uy, ..., Uy) arandom vector with joint density c, the following conditions hold :

C.1) P(g(U) £0, gV (U) 20) =0, Vi#i';
c2) ¥k Pg™ (U) £0) < 1/2;

C3) 27k, — r €]0,c0[;

C4) pup,pz € R: 27%npy <Bg™ (U) <27npy, Vi=1,...,kn;
C.5) Fop,02 > 0: 27%ng2 < Var[g™ (U)] < 27%no2, Vi=1,... kn;
C6) g™ lleo < 00, ¥i=1,... kp,Vn > 1;

Now, we have to check these conditions. By hypothesis the copula density ¢ is continuous and
bounded on /¢, then there exists some orthrotope D C I¢ such that maxgcp c(s) = ||¢||. Thus, for
all 7 > 0 there exists sp € D such that c(sg) > (1 — 7)]|c||e. Let

Dr={seD:c(s) 2 (1 -7)llcllo}, 47)

and choose a subset Dy C D, suchthat P(U € Dg) < % Suppose that Dy = H;.izl[aj, b;], with
0<aj<bj<landb;-a;=¢C Vj=1,...,d.
Set 6 = 3B and define

b-a

62_—jn —1:=kn, J=1,...,d,

zli,i,n=a+i62_”‘, i=1,...,[

where [x] denotes the integer part of a real x.

Checking C.1): Recall that ¢ is supported on [0, B], then

0< 2mU;j -1 <B, j=1,....d, (1)

(n)
(M(U)£0 e Vk,leZ :
g (U)# © {03 Vnziin—1 <B, j=1,...d, (2

and

0< 2mU;-1 <B,j=1,....d, (1)

(n)
8 (U) 0 & Vk,l eZ { 0< Zj"'Zj,i’,n -1 < B, j: 1,' ) .,d. (2)/
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Combining (2) and (2)’ gives, forevery j =1,...,d,
|2j,in = 2jirnl £277"B. (3)

But, by definition, for all i # i’, |20 — 2j,i,n| > 6277 = 3B27/n, which contradicts (3). Hence,
the event {gf") (U) #0, gf,") (U) # 0} is empty for i # i’ and condition C.1) holds.

Checking C.2): Foralln > 1, the sets {gi(") (U) #0},i=1,..., ky are disjoint in view of Condition
C.1). Then, we have

kn
D P({g"(U) #0}) =P
i=1

kn

| te™ () # 0}) :

i=1

Now, it suffices to show that Uf.:l {gl.(n) (U) # 0} c {U € Dy}. From statements (1) and (3) above,

we can write, forall j =1,...,d,

-B < 2j"(Uj —ujin) <B
Ujin— 2-JnB < UJ < Ujin +2-/nB

aj<aj+Bi-1)2"B<U;j<a;j+3i+1)27/"B <b;.
Thatis U; € [aj, b;], and hence U = (Uy,...,Uy) € H;i:l [aj,b;] = Dy. It follows that,

Vi=1,... ks {g"(U)#0}c{UeDp)
Uiz (8" (U) # 0} € {U € Dy}
P (Ul (g™ (U) % 0}) <P({U e Dy}) < 4.

Hence, C.2) is fulfilled.

Checking C.3): It is immediate, since

2 Inj, =27In boal ) _|bz4|_p-in_, |bza =r>0,n— .
02 Jn ) 0
Checking C.4) : Using a change of variables s = 27/nx, s = (s1,...,54), X = (X1,...,Xq), we have
Eg™(U)| < / [K(27"s, 2772, )| c(s)ds
¢
<

2*dfn||c||oo/ |K(x,2/"2; ,)| dx
R‘I

d
< 2‘d-’"||clloo/ [ ] &G 2muim)ldx;
R4 j=1
d
< Z‘d-’"llclloo/ [ [@C; = 2muyin)x;
R4 j=1
< 27y,
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where ¢ = ||¢]|e fRd H;l:l ®(x; — 2/nu; ; ,)dx; exists, because the function @ is integrable by
hypothesis (H.2). The last inequality is equivalent to

~272ny < Bg" (U, V) <27¥np, Vi= 1, kg

That is C.4) holds.
Checking C.5) : Forn > 1, i = 1,...,k,, using a change of variables s = 27/nx + Zin, S =
(Sts.--s8a), X=(X1,...,Xa), Zijn = (Z1,in>- - -»2d,i,n)> WE CaN Write
Vi (n) U < E (n) U 2
ar[g;”"(U)] < g (U)
< K>(2/7s, 2/nz; ) c(s)ds
74
<

27n ¢l / K2 (x +2/z; ,, 2777; ) dx.
R4
Putting 075 := ||c||e fRd K2(x +2/nz; ,, 2/n2; ,)dx yields

Var[gt.(") (U)] < 274ng3,

which is the upper bound in condition C.5). For the lower bound, we have

2 2
Var[g{" (U)] = E [(g§"> ) ] - [Ee" W)
2
= / Kz(zfns,zfnzi,n)c(s)ds—( / K(zfns,zfnz,-,n)c(s)ds) .
[cl Id

. . 2 .
Put y? = (/Id K(2/ns,2/n z,',n)c(s)ds) . Noting that D, c I, by a change of variables x = 2/»s, we
obtain

Valg (U] > [ K(@hs2im,ceds - i
DT
> (1—T)||c||w/ K?(2/ns,2/nz; ) ds — u?
D+
> (1—T)||c||m2—dfn/ K?(x,2/m2; ) dx — pi>.
Rd

Proceeding again to the same change of variables, and observing from hypothesis (H.3) that
f]Rd K(x,2/72; ,)dx = 1, we can write

2
M;zl < (”C“mz_dj"/ K(X,Zj”zi,”)dx) < ||C||i2_2djn’
R4

which implies —u2 > —||c||227*/. Thus, for n large enough, we obtain the lower bound in condition
C.5),ie.,

Var[g" ()]

\%

270 (1= D)lells [ K 2z~ 22700
R4

\%

2_””"0'12 +o(1),
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with 0'12 =1 -7l /]Rd Kz(x, 2Jnz; ,]dx. Finally, C.5) holds. Moreover, letting 7 — 0, we get
03 =0} = |lclleo fru K*(x, 27 udx.

Checking C.6): For all s € I9n>1,i=1,... kp, by using Assumptions (H.1) and (H.2) and the
multiplicativity of kernel K, we have

d
g = K5, 22| = [ [ IR@7 5,272 m)]
m=1
d 2n _ _
< [ 16@sm = Dé@ 2 pm - )]
m=1 [=1
d 2in A
< IO 16 sm - 1)
m=1 [=1

d d
< lgllGloglls-

Hence, sup,,»| j<i<, IIgl.(")II < llgll411041l%, and C.6) holds.
Since Conditions C.1) to C.6) are fulfilled, we can now apply Proposition 2 in Einmahl and Mason
(2000) to complete the proof of Lemma 3. [

Finally, Lemma 2 and Lemma 3 give the proof of Proposition 1.

References

AuTin, F., LE PENNEC, E., AND TrRiBoULEY, K. (2010). Thresholding methods to estimate copula
density. Journal of Multivariate Analysis, 101 (1), 200-222.

CHEN, S. anD Huang, T.-M. (2007). Nonparametric estimation of copula functions for dependence
modeling. Canadian Journal of Statistics, 35, 265-282.

CoHEN, A., DAUBECHIES, 1., AND VIAL, P. (1993). Wavelets on the interval and fast wavelet transforms.
Applied and Computational Harmonic Analysis, 1, 54-81.

DauBECHIES, 1. (1992). Ten Lectures on Wavelets. Number 61 in CBMS-NSF Regional Conference
Series in Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM).

EinmaHL, U. AND Mason, D. (2000). An empirical process approach to the uniform consistency of
kernel-type function estimators. Journal of Theoretical Probability, 13 (1), 1-37.

FerMANIAN, J.-D. AND ScaiLLET, O. (2003). Nonparametric estimation of copulas for time series.
Journal of Risk, 5, 25-54.

GannNoUN, A. AND Hosseinioun, N. (2012). On wavelet-based methods for estimating the copula
function. Rev. Roumaine Math. Pures Appl., 57 (3), 205-213.

GEENENS, G., CHARPENTIER, A., AND PAINDAVEINE, D. (2017). Probit transformation for nonpara-
metric kernel estimation of the copula density. Bernoulli, 23 (3), 1848—-1873.

GENEsT, C., MasIELLO, E., AND TRIBOULEY, K. (2009). Estimating copula densities through wavelets.
Insurance: Mathematics and Economics, 44 (2), 170-181.

GUBELS, I. AND MIELNICZUK, J. (1990). Estimating the density of a copula function. Communications
in Statistics-Theory and Methods, 19 (2), 445-464.



56 SECK & MAMANE

GINE, E. anp GuiLLou, A. (2002). Rates of strong uniform consistency for multivariate kernel
density estimators. Annals I. Poincaré-PR, 38 (6), 907-921.

GINE, E. anp Nickr, R. (2009). Uniform limit theorems for wavelet density estimators. The Annals
of Probability, 37 (4), 1605-1646.

HARDLE, W., KERKYACHARIAN, G., PIcarD, D., AND TsyBakov, A. (1998). Wavelets, Approximation,
and Statistical Applications, volume 129 of Lecture Notes in Statistics. Springer.

JuprTsky, A. AND LAMBERT-LACROIX, S. (2004). On minimax density estimation on R. Bernoulli,
10, 187-220.

MaLLAT, S. (2009). A Wavelet Tour of Signal Processing. The sparse way. 3rd edition. Elsevier.

MEYER, Y. (1992). Wavelets and Operators: Volume 1. 37. Cambridge university press.

OMELKA, M., GUBELS, I., AND VERAVERBEKE, N. (2009). Improved kernel estimators of copulas:
weak convergence and goodness-of-fit testing. The Annals of Statistics, 37 (5B), 3023-3058.

SANCETTA, A. AND SATCHELL, S. (2004). The bernstein copula and its applications to modeling and
approximations of multivariate distributions. Econometric Theory, 20 (3), 535-562.

VAN DER VAART, A. AND WELLNER, J. (1996). Weak convergence and empirical processes. Springer,
New-York.

Vipakovic, B. (1999). Statistical Modelling by Wavelets. Wiley Series in Probability and Statistics:
Applied Probability and Statistics. John Wiley and Sons Inc.

Manuscript received 2023-07-10, revised 2024-01-23, accepted 2024-02-08.



