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Abstract: Csiszar (1963) and Ali and Silvey (1966) introduced the concept of f-divergence, which
is a measure of deviation of two probability distributions, like e.g. Pearson’s )2-deviation, which
is given in terms of a convex function f defined on [0,00). Vajda (1972, 1973) extended Pearson’s
x*-deviation to the family of the so-called y*-divergences, o € [1,0).

Osterreicher and Vajda (2003) introduced a family of f-divergences closely linked to the class

el =%+ (1= it o€ (0,0)\{1}
ho(t) =4 —[tInr+(1—1)In(1—1)] if a=1
min(¢,1 —7) if a=0

of Arimoto’s entropies (1971). Vajda (2009) extended the corresponding family Iy, of f-divergences
toall o € R.

In Section 2 we consequently extend Arimoto’s class of entropies to all o € R. Theorem 3
in Section 4 relates the family Iy, of f-divergences to Fisher’s Information in a limiting way for
all o € R except for those from a certain neighbourhood of ¢ = 0. Its proof relies on an inequality
of the form

Pa(l)

S X(Q.P)| <ca X°(Q.P),

1¢a (Q>P) -
which may be interesting also in its own right. This family of inequalities and its basic analytic
counterpart are stated in Section 3. The corresponding proof is postponed to the Appendix.

Section 2 was stimulated by Vajda’s paper of 2009 and Section 4 considerably by his paper of
1973.
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1. Introduction

Let (Q,.47) be a nondegenerate measurable space (i.e. |27| > 2 and hence |Q| > 1), u a o-finite
measure on (Q, o) and let Z(Q, o) be the set of probability distributions on (Q,.2) dominated
by p. Furthermore, let .% be the set of convex functions f : [0,00) > (—oo,00] which are finite on
(0,00) and continuous on [0, ). In addition, let the function f* € % be defined by

Fr(u)=u-f(1/u) for ue€ (0,). (1)

0 for v=

0
forall f € 7, it hold
v f(0) for v>o oralseF, itholds

Remark 1 By setting 0- f(v/0) = {

x-f*(y/x) =y-f(x/y) forallx,y € [0,).

Definition 1 The function f* € .% defined by (1) is called the x-conjugate function of f. A function
f € % which satisfies f* = f is called *-self conjugate.

Definition 2 (cf. Csiszdr, 1963; Ali and Silvey, 1966) Let P,Q € &(Q, 7). Then

q
11Q.P)= [ £(%)-pau
is called the f-divergence of Q and P. (As usual, p = % and g = ZTQL are the Radon-Nikodym-
derivatives of P and Q with respect to (.)

Remark 2 (a) It holds I;(Q,P) > f(1) VP,Q € Z(Q, ).
(b) Provided that the function f € % is *x-self conjugate, the corresponding f-divergence is symmet-
ric, i.e. it satisfies I¢(Q,P) =I;(P,Q) YP,Q € Z(Q, ).

In the sequel we restrict ourselves - without loss of generality - to the subset .#; of convex
functions f € .# which satisfy f(1) = 0, are strict convex for u = 1 and satisfy f(u) >0V u € [0,0).
The subset of functions f € .%|, which are *-self conjugate, is denoted by .%.

First let us consider the so-called Class of Power Divergences

(1= [P "%q%du) for o cR\{0,1}

a(l-a)
Ia(Q.P) =4 [qin(L)du for o=1
JpIn(2)du for =0,

which is given in terms of the following class of functions y, € %

outl—a—u*

a(—a) for aeR\{0,1}
Vo (u) = l—u+ulnu for a=1
u—1—Inu for a=0,

for which y; and yyp are limiting cases.
For the corresponding *-conjugate functions y;, it holds vy}, = yi_4 Vo € R. Hence the only pa-
rameter, for which 1, is symmetric, is o0 = %
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Special cases. The class of f-divergences defined in terms of the functions Yy € %] include the
following well-known divergences.
o = 1 : Kullback-Leibler-Divergence I(Q||P)
o = 0 : Kullback-Leibler-Divergence I(P||Q)
o =2 : Pearson’s y2-Divergence (2- W) (u) = (u—1)?)
o = 1/2: Squared Hellinger Distance ( i /5(u)/2 = (vu—1)%)
a = —1: Neyman-Divergence (2-y_1(u) = (u—1)*/u) .
The class of power divergences has a long history. It was introduced for a > 0,
a # 1, by Rényi (1961) and extended to R by Liese and Vajda (1987). The Havrda-Charvat class and
the Cressie-Read class are equal to this class, however with different parametrizations. The former,
which goes back to Havrda and Charvit (1967), is defined in terms of Wg,)/2(u), B € R. The
latter, introduced by Cressie and Read (1984), is defined in terms of y; 1 (u), A € R.
The symmetric version of an f-divergence is given in terms of f = (f + f*)/2,
f € .%|. Therefore, the symmetric version of the class of power divergences is given in terms of
the functions

a(l-a)

] I el p g e R\{0,1)
(u—1)Inu for ae{0,1}.

As shown by Csiszér and Fischer (1962) the parameters o € (0, 1) provide the distances [Iy, (Q, p)Jmin(e1—0)

Remark 3 In order that an f-divergence I;(Q, P) allows for a metric it is required that
[;(Q,P) 20 VPO € #(Q, ),
with equality iff Q = P, and that symmetry
I4(Q,P)=1¢(P,Q) VPO Z(Q,)

holds. These two conditions are guaranteed by the assumption f € .%; and by that of its x-self
conjugacy and, consequently, by f € .%;. The latter and the further requirement

f(0) <eo

are necessary conditions in order to guarantee that a certain power [Ir(Q,P)]%, o € (0,1], is a dis-
tance. For a detailed discussion of this topic we refer to Section 3.4 of the paper by Osterreicher
(2013). By the way, for f € .%] the condition f*(0) = e is a sufficient condition in order to guarantee
at least one f-projection. For a detailed discussion of f-projections we refer e.g. to the outstanding
master’s thesis by Kafka (1995).

Remark 4 For the class of power divergences it holds

B —L _ for ae(0,1 o for o€l,e0
wa<o>={2a<l—a> .0 nd w;;<o>={ | for aclle)

oo for o € (—o0,0]U[1,00) =g for o€ (—e,1).
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In this paper we will be interested in specfic results on the f-divergences given in terms of the
following class of functions @y € F 1
) (1 41y 2071 (1 4u))  for aecR\{0,1}
Oa(u) =< (1+u)In2+ulnu—(1+u)ln(l+u) for a=1 (2)
lu—1]/2 for =0,

for which ¢; and ¢ are limiting cases. These were originally introduced and studied for nonneg-
ative parameters a by Osterreicher and Vajda (2003) and extended to o € R by Vajda (2009). For
a detailed discussion see Section 5 of the paper by Osterreicher (2013). According to the latter we
call the corresponding class of divergences the Class of Perimeter-Type Divergences.

Special cases. The class of f-divergences defined in terms of the functions ¢ € .%; include the
following well-known divergences.

o = 0 : Total Variation Distance ( @o(u) =|u—1|/2)

« = 2 : Squared Hellinger Distance ( ¢ (u) = (vu—1)?)

o = 1: Symmetrized Kullback-Leibler-Divergence

o = 1/2: Squared Perimeter Distance ( @y »(u)/2 =V 1+u?—(1+ u)/V2)

o = —1 : Squared Puri-Vincze Distance (4- ¢_;(u) = %("1;1122 )

Remark 5 For the class of divergences given by @y € .%;, a € R, it holds

120 for e (0,00)\{1}

1-a

0o (0) =4 In2 for a=1

W for ae€ (_00,0] .

Vajda (2009) proved that, besides of ||Q — P|| /2 for a =0,
Ly (Q, P)]/™X(@2) for o € R\ {0}

are distances.

2. Arimoto’s Entropies and their Extension

In the following we state a connection between an entropy £ of a discrete probability distribution

with two states and a convex function f € .%] which is basic for the definition of the corresponding
f-divergence.

Definition 3 Let P = (t,1 —1¢), t € [0, 1] be a discrete probability distribution with two states. Then
a concave function
h:0,1] >R,

which is symmertic with respect to ¢ = } and which satisfies 1(0) = (1) =0 and h(}) € (0,e) is
- according to h(t) =:H(P)=H((t,1—t)) =H((1—t,t)) - called entropy of P or, simply, entropy.
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The proof of the following statement, which relies on the observation of ¢(0) =h(%), is straight-

forward.

Proposition 1 Provided that /4 is the entropy of a distribution with two states, then the function ¢ :
[0,0) — R defined in terms of
u
@(u) = (1+u)(h(1/2) *h(m)), u € [0,0)

is an element of .%|. On the other hand, if @ €.%| obeys these properties, then the function / defined
by

h(t) = 9(0) ~ (1-1)g(1=). 1€[0.1], )

is an entropy.
As shown by Osterreicher and Vajda (2003), Arimoto’s (1971) class of entropies, which is given by
Tl =@+ (1= if  ae (0,0\{1}
ho(t) =< —[tlnr+(1—1)In(1—1)] if a=1 4)
min(z,1 —1) if =0,

generates our class of f-divergences for the parameters o € [0,00). As Vajda (2009) extented the
class of @q to all o € R, Arimoto’s class of entropies can be also extended to all @ € R. The

corresponding functions 4 for negative o = —k, k € (0,0), is owing to (3) given by
1 t(1—1)
h_i(t) = tel0,1].
k() 1+k(f1/k+(1*t)l/k)k, 6[7 ]
Example For & = —1 and o = —2 the corresponding functions / are
t(1—1)

h,l(t):%t(l—t) and h_,(1) =

S 3(142y/t(1—1))

respectively.

Remark 6 (Arimoto’s representation) Let &% = {Q = (s,1—5):5€[0,1]} and P = (t,1—1) €
&, . Then Arimoto’s entropies are defined in terms of the functions of uncertainty

vt - { I o < 0=NY
as follows: Let
Hy,(Q,P) : =1-VYals)+(1—-1) Ya(l —s)
_ { el 00T for e [0,00)\ {1}
—(tlns+(1—7)In(1—5)) for a=1.

Then the entropy given in (4) equals

ho(t) = Hy, (Qg,P) = min{Hy,(Q,P) : Q € &}
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with Qf = (s (?),1 —sq(?)) and

/o
Sa(f):{ e for o€ (0,)

and
So(l) _ { 1(1/271](1) for te [O, 1}\{1/2)
s€[0,1] for t=1/2.
In all statements the cases o =1 and o =0 are limiting cases.
The appropriate representation of our new class of entropies for o € (—e,0) or @ = —k, k €
(0,00) is given as follows.

Theorem 1 Let the corresponding functions of uncertainty be

(1 _S)Hk

V() =g ,s€[0,1]
and
hoi(t;s) = Hy (Q,P)=1-y i(s)+(1—1) -y (1 —5)
_ t'<1“y)l+iilil")'sl+k,t,se[o,u.
Then
hoi(t) = Hy (0", P)=min{H, (Q.P):0€ P}
_ 1 t(1—1)
Lk (eV/k 4 (1 —1)V/k)k
with O, = (s_(1),1 —s_(t)) and s_(r) = w L 1e[0,1].

Proof. It is a well-known fact that the envelope of the family of the linear functions
t—h_(t,s), s€[0,1]

is generated by setting

d -

=h_(t,s) =0.

s k( 7S)
This yields

sk £1/k
=0 ivalently, s_4(t) = ———~ .
t FE(1=s)F or, equiva L, S_k T (1= )1k

Then, owing to

(1—1)-5* (1) = i j-((ll__ti)l/k)k =t-(1—s_p ()

and s_;(t)+1—s_¢(r) =1 itholds

(LK) hglt) = (1K) ity 4(0) = (1= 1)-s ") 1+ (1 = 5_4(1) '+
= (1=1)-s5(0) s () +1- (1 =s(0)* - (1 =54 (1))

)
t-(1—1) t-(1—1t)
(k1 (1 —1)l/k)k H(s—k(0) + 1 =s54(1)) = (k& (1 — )Ry~
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3. Upper Bounds for the Second Order Taylor Approximation

Let x*(Q,P) be the f-divergence given by the convex function fg (1) = |u—1|%
a € [1,0). 2 Then x'(Q,P) =2-14,(Q,P), i.e. the former is twice the Total Variation Distance, and

N2
2*(Q,P) =/L pp) dp

is Pearson’s y2-Divergence. Furthermore, the f-divergence of the convex function ¢ (u) = ulnu -+
1 — u is the so-called Kullback-Leibler- or /-Divergence

1Q1P) = [1n(%) gy

Motivation 1 Owing to ¢(u) ~ % - (u — 1) it is a well-kown fact that the second order Taylor
approximation of the /-divergence is 5 - x*(Q,P) (cf. Jeffreys, 1946). In addition, the inequality

r@lr)- 32| < 3.

which is useful when comparing Maximum-Likelihood-Estimation and Minimum J2-Estimation,
holds true The latter can be shown easily by checking
lou)— 3 - (u—1)*] <3 Ju—1P Vuel0,).

In order to motivate Lemma 1 let us consider two special cases which allow for very easy ad hoc
proofs of those inequalities on which the inequalities of the above type are based.

Proposition 2 (Special Cases ¢ = —1 and o0 = 2) Let

1
1
A (1) = Palu) - %T() (-1 ae{-12}.
Then {
Ag| () <cq-lu—1] with ¢ = 6 and ;==
Proof. Case o = —1: Owing to (p’lz(l) = % it holds
S lu-1)?% 1 ,» 1 (1—u)

e (u—1)2=—.
e 16 T T,
and hence
A0 < el 1P

! 16

Case oo = 2 : Owing to % =land Ju—1= Juﬁ;l it holds
T PR PR ) R
M) = (Vi 1P Gl 1P = g 1)
LW PO V@B Y® L s 3R
4 (1+ /) 4 (1+u)®

2This class of f-divergences was introduced and investigated by Vajda (1972, 1973).
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and - since the last factor is monotone decreasing - consequently

Al ()< G- lu—1P .

1w

|

Now we state Lemma 1 which immediately yields the upper bounds for the second order Tay-

lor approximations of the family Iy, (Q,P), @ € R of f-divergences considered in this paper for
all o except for those from a certain neighbourhood (—kpin, Cmin) of @ = 0.

Lemma 1 Let ¢y, ¢ € R be the family of convex functions given in Section 1 and

Aa(u):(pa(u)—@(u—l)z for o #£0 .

Furthermore, let the limits kpi, (~ 0.14539) and Qiin (=~ 0.1337) be as defined in Proposition
6_4 and Proposition 6. Then for all & € (—oo, —kpin] U [Otmin,©0) it holds

|Ag| (1) <co-lu—11° Yuel0,00).

The positive constants
(1) (0))

cq =max(cy’,Cy

are finite and, for a specific &, the maximum of the best possible upper bounds csxl),

cg? ) achievable on the interval [1,00) and [0, 1) respectively.

Theorem 2 Let &?(Q,.o/) be as given in Section 1. Then the family Iy, & € (—o0, —kpin] U
[Ctimin, o) obeys the inequalities

Pq(1)

5 2 (Q.P)| <ca 1 (QP) VPOEP Q).

I(Poc (QaP) -

The functions @, behave substantially differently for values u close to u = 0 when the sign of ¢ is
changed. Therefore, in order to state the bounds cfxl) and cg» it is appropriate to distinguish the cases
o € (0,00) and
o € (—o0,0) with o = —k, k € (0,0).
Cases o € (0,0) :

_oo—1 (1 a=3 |y (1 a—4
Interval [1,00) : ( g (0) = 1220 @4l _ 23 o (D] _ zes)

Balw) = gat)— 20 12

= e 1) - Z - 12 e 0o 1),
respectively
Au) = q’l(ﬂ)*@“‘*l)z

1
= (l+u)ln2+ulnu7(1+u)ln(1+u)—z(uf1)2
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and hence Sa—2%(143a)
a—2%(14+3a
In2—1% for a=1.
Let
) M for a€ (0, %)
“a =3 ey |
e for ae(3,%)
with

1
06 () = 5 (1+ul/ ) 2ull073 (1 - 20— (14 oul/)

_ _ _ 2
Ma_(M(47a+\/(2 a)(?+(lxla a)))“,OCG(O,a*]

%

51

Ga)

o = $(v/145—11) ~ 0.52080 and limy guq = 1, Uug+ = (%)“*. Then for all & € (0,0) it holds

Aal () < e Ju—1P Vuel,e).
Remark 7 Condition ¢;"(1) =0 is satisfied for a = 1 .
Interval [0, 1) : Let
o (1
|¢37§>‘ for a € [Onin, %]
D=2 ok wa)]
I

Co- = Bl for ae(§,07]

Ag(0)  for ac (a*,eo).
Then
|A0t|(u)§c§)?>-|1—u|3 Yuelol).

Remark 8 Let the function ¢ be defined by
c(o) =Aq(0), o € (0,00)
and let o, ~ 0.2779105 and o = 1 be the roots of the numerator of ¢ then
c(a) >0

holds true if and only if « € [a, ). (Note that & =1 is also a removeable singularity of c.)
Then for every element o of the interval [, ) it holds Aq(u) >0 Vu € [0,1].

Cases a € (—,0), @ = —k, k€ (0,00):

1 0" (1) 1 [o" (1) L)

>2k+l ’ 2! T k2k+30 3! T p2k+4

Interval [1,00) : ( @_¢(0) = m

os(u)— PE 2

1 (1+u7 u )— 1 (
T4k 26T (T rul/kyk’ " k-2k3 u

Ay (u)

,1)2

and hence
3k—1

A0 = gy s

(64)
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Let
T
Bl for ke [3,)
with
" 1 yl /=2

(p_k(u) = 7?W . (k* 1 + (1 +2k)lxl1/k) y

_ 2
U_g = (MM(7k+4+\/(2+k)(6ltilk . )))" , ke (0,1) (C)

and 1imk\‘0 Uu_jp = l, limk/1 Uu_jp = 0. Then

A gl () <) Ju—1P Vue[l,e).

Interval [0, 1] : Let

G R k € [kmin, 2]

9= |<sz(ufk)| >
—k = for ke (s,1)
A (0)  for ke|l,e).
Then
Al (w) < 1—uP Vuelon).
Remark 9

(i) Note that A_;(0) > 0 is satisfied if and only if k > % The latter implies A_x(u) >0 Y u € 0,1].
(ii) Condition ¢"%(1) = 0 is satisfied for k = 2.

Remark 10 The Application of Theorem 2 to the Special Cases treated in Proposition 2 yield for

Casea=—1:c = max(cQ?,c&OI)) = (%,%) = % and
Caseax=2: ¢ = max(cgl),c(z())) = (%, %) = %,

which are in accordance with our ad hoc solutions.

4. Fisher’s Information

Let (Q,.2) be a nondegenerate measurable space (i.e. |</| > 2 and hence |Q| > 1), 4 a o-finite
measure on (Q, <) and Py, 6 € ® a family of probability distributions identified by a real valued
parameter 6 (hence @ is an open interval of the real line R) given in terms of densities fy =
‘fl% with respect to . Furthermore, let the support Q; = {x € Q: fy(x) > 0} be independent of
the parameter 8 € ® and let

16)= [ (3oinfo(x)dpa()

be the corresponding Fisher information measure.
Here and in the sequel we assume that all derivatives exist and are finite.
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The following result generalizes the correponding result

82
ﬁ[(Pereo) lo—8,=1(60)

for the Kulback-Leibler- or I-divergence (the f-divergence for the convex function @(u) =1—u+
ulnu, cf. also our special case o = 1), which may be considered folklore — presumably initiated by
Jeffreys (1946) and Kullback and Leibler (1951) — and the results for our special cases for oc =2 and
o = —1 which have also been studied in the related literature; the latter in Vincze (1981).

Theorem 3 Let ¢4, o € R, be the class of convex functions given above and let

Ja,
holds

3
% In fo (x)‘ dPg(x) < oo be satisfied for all 8 € @. Then for all @ € (—o0, —kpin] U [Omin, o) it

82
Wlfpa(PG?P@o) |9:90: (ng(l) '1(6()) , BheO.

Proof. Owing to Lemma 1 stating [Ag (1t)] < ¢ - [u— 1> V 0t € (=00, —kimin] U [Olmin, 00) With cq €
(0,00) it holds

I‘Pa(P90+5?P90) (p(/);(l) XZ(P90+57P9()) X3(P90+5aP90)
_ . A 0.8 V6+0€0.
52 2 52 ST bros
Application of
. I(Pa (P90+55P00) 1 82
R ¥ A AN
and
2 3 3
. X (P90+57P90) . X (PG +57P9) d
lim ————— =1(6 d 1 070:/ —1 dP, -
lim 52 (6p) an Lim 5 o, |96 n fo(x) 9 (x) [o=0,

gives the result.

Appendix

Let @y (u) as given in (2) for o # 0, (i.e.

)

ooty = | T/ =20 (Lbw) - for @ eR\{0,1}
* (I4+u)In2+ulnu—(1+u)ln(14+u) for a=1

and hence

() (@20 for g e R\{0,1}
« In2 for a=1.

First derivative:

, 8) (] gyl /ya-tyt/a=t _pa=1y A for o cR\{0,1}
P (u) =

I-a

In2+Inu—1In(l+u) ~ for a=1
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Second derivative:

O (1) = sgnOEa) (1+ul/@ye=2,1/e=2 50 = (P‘;z(l) = Sgn(a; 2

Third derivative:

o () = S8 (1 g /)31 (12— (1)
Consequences: It holds

Vue (0,00l and V & € [},0) and

n
9a (1) <0 { Vue€ [l andV a € (0,00).

Fourth derivative:

o (u) = ”"2&(1 +ul/ My et (a4 1) (To—4+ 2o+ 1) u/*) ' *+ Ba—1) 2o — 1)) .

For the Case o € (—eo,0) it turns out appropriate to write &¢ = —k, k € (0,00), so that

W=——(tu__r 0=
P—rlu) = 14k 2K+l (l—f—u]/k)k ¢,V = (1+k)-2k+1"

First derivative:

, 1 1 1
Q- (u) = 1+k (2k+1 o (1+ul/k)k+l> 4

Second derivative:

1 ul/k*l (p// (1) 1
" o —k _
0= (u) = k (1+ul/k)k2 >0 = 2 k.okt3
Third derivative:
ul/k=2

— ke — (14 2k) u'/%y

1
" o .
=y (1) = K2 (1+ ul/kyes3 (1
Concequences: It holds

" Yue (0,00] andV ke [l,oo) and
9i(u) <0 { Ve (1,00 and ¥ k € (0,00).

Fourth derivative:

1/k-3
1 1 u'/

0" (u) = BT a (14 3k) (142K) u®* + (k= 1) ((Tk +4) u/* + 2k — 1)).

Investigation of the crucial factors of ¢ and ¢”

In order to locate the positions ug and u_; which maximize |}/ (u)| and |@”) (u)| we need to inves-
tigate the fourth derivative of the functions ¢, and ¢_; respectively. For this purpose we consider
their crucial factors hqy and h_y.
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Let
ha(x) = (0 + 1D (Ra+1)x* + (Ta—4)x) + Ba—1)2a—1), xR,

and hence

<0 for ae(4,3)
ha(0)=(Ba—1)2a—1)¢ =0 for ac{}, ;] (7o)

>0 for aE[O,%)U(%,w).

and {

he(1)=Bo—1)(5a+2)=0 for a=x.
Obviously,

all functions h are quadratic and convex polynomials. )

2-a)(6-11a—a?)

o and let

Furthermore, let D (o) =

1

xp—(a) = mm —Ta++/D(a))

be the roots of the quadratic equation Aq(x) = 0.
Proposition 3, Let (&¢,x) € Dy := [0,00) x (0,0) 3,
- (a) =max{0,x_(a)},
furthermore, let o* = J(/145—11) and
E={(0,x) €Dp:%_(ax) <x<xi(a), ¢ €[0,a")},
and B(E) be the boundary of E within Dy. Then

<0 forall (a,x)e€E\B(E)
he(x) ¢ =0 forall (a,x)€B(E)
>0 forall (a,x)€Do\E.

Proof. For the proof let us define /14 (x) for x € R. Then the discriminant

<0 for ae(a*,2)
D(a)q =0 for ac{a*2}
>0 for ae(0,a*)U(2,)

and the location m(a) of the minimum of the function Ag is

470 >0 for Oc<%
mo)=———-< =0 for a=2%
2(1+2a) <0 for Oc>;

70

3Because of (8¢) we can restrict ourselves here to Dy.



56 DE WET & OSTERREICHER
whereby m(o*) = o* /6. Because of this, (7¢), (8¢) and % <ot < ‘71 it holds
he(x) > 0Vx €[0,00) forall o € (0, 00).

For a € [0, %] the assertion of Proposition 3 is clear owing to the definitions of x_ (o), x4 ()
and (8y).

|
Corollary 1, For all u € [1,) it holds

) o o ()] Yae(he) | (w1
e < {0 TS0 |

8

Proof. For o > 1 itholds @ (1) >0V u € [1,c0). Therefore, owing to Proposition 34, the negative-
valued function @ (u) is monotone increasing on the whole interval [1,o0). Hence @} (u) takes its
mlmmum value - and consequently |@} (u| = — @[/ (1) its maximum value - for u = 1.

For o < 3 L let x; (o) be the first root of the quadratic equation /4 (x) = 0. Then owing to x (o) =

/ the functlon o — ug = x% (o), which is given in (5¢), is - again due to Proposition 34 - the
locatlon of the minimum value of the third derivative @} (1) on the interval (1,0).
Now, let

Then, summing-up, it holds
0> @y (u) > @ (1" (@) Ve [1,%0).

Let u € (1,0). Then applying the Taylor Expansion

n ( u —r\
_ Z Pa (u—1)F +/ (u—1) '(chtn+1)(t)dt
: l °

for n = 2 yields owing to @ (1) = ¢, (1) =0 and [/’ (“gf)zdt =45

" u —_
(pa(u) — (Paz(' ) +/ t /// t)d[

" -
> (Poc( ) Jr/ t /// l(f)(a))dt

2!
Pa(1) (u—1)3

= 5 -(u—l) +(Pg/( )((X)) 3!

and consequently the assertion.
Remark 11 Let & = 0. Then m(0) = 2 and x4+ (0) =2++/3.

Corollary 2, Let u € [0,1). Then it holds for o € (0,00)

QU)o [l for ae(0] ) (1w
ot = T (P < o ae@,a*)} o

W=
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Figure 1: o — m(a) black, @ — x; (@) blue, ot — x_(¢t) red, o — ugy green.

Proof. Let
1 for a€(0,1]
ug for ae(3,a).
Owing to Proposition 3, it holds

o (u) <0 for x_(a) <u<l

and hence @} (u) > (pg/(lio)(oc)) < 0. This yields owing to | (’;’)zdz = (1;‘)3

ool = T oy [T
_ (ngz(!l) .(17,/!)27/“1 (t—z'”)z ~(pg/(t)dt
< P [N O
= g e U5

and consequently the assertion.

In addition, let
hop(x) = (14 3k) (1+2k) x* + (k— 1) ((Tk+4)x + 2k — 1)
and hence
<0 for ke(4,1)
h (0)=(k—1)(2k—1) { =0 for ke{l 1}
>0 for ke[0,3)U(L,0).

(7-1)
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and 5
hoi(1)=(5k—2)(14+3k)=0 for k= 5

Again, obviously,
all functions &_; are quadratic and convex polynomials. 8_x)

Furthermore, let D (k) = (1 —k)(2+k)(6+ 11k —k*) and let

40 = 5 (k4% VD)

be the the roots of the quadratic equation A_z(x) = 0.

Proposition 3_; Let (k,x) € Dy = [0,0) x (0,00) 4,
£_ (k) = max{0,x_(k)},
furthermore, let
E ={(k,x) € Dg:%_(k) <x<xp(k), ke[0,1)},
and B(E) be the boundary of E within Dy. Then
<0 forall (k,x)€E\B(E)

h_i(x) & =0 forall (k,x)€B(E)
>0 forall (k,x)€ Do\E .

Proof. For the proof let us, again, define h_4(x) for x € R. Let k* = 1(1/145 + 11). Then the

discriminant
<0 for ke (1,k)

D(k)s =0 for ke {l1,k*}
>0 for ke (0,1)U(k* o00)

and the location m(k) of the minimum of the function A_y is

>0 for k<1
m(k):w =0 for k=1
2(142k) (14 3k) <0 for k>1

Because of this, (7_;) and (8_;) it holds
h_x(x) >0V x€[0,00) forall ke (1,0).

For k € [0, 1] the assertion of Proposition 3_ is clear owing to the definitions of x_ (k), x (k) and (8 _y).
]
Similarly to Corollary 1, one obtains from Proposition 3_;

“Because of (8_;) we can restrict ourselves here to Dy.
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Figure 2: k+— m(k) black, k — x (k) blue, k — x_ (k) red, k — u_; green.

Corollary 1_; For all u € [1,e0) it holds

¢, (1)
2!

g L 1D] Vke[eo) ) @1
1) "”‘”S{m(um Vke<o,§>} '

Corollary 2_; Let u € [0, 1). Then it holds for k € (0,e0)

o)~ 20 (12 < { \<P5’kff>

2!

Proposition 4, Let o, ~ 0.27779105 and o = 1 be the roots of the numerator of

8o —2%(1+3a)

Then for all o € @, o) it holds
Ag(u) >0 Yuelol),

with strict inequality for all cases except for the case Aq, (0) = 0.
Proof. Case o € [3,0) : Owing to the definition of the function

(1)
(pzz 1)’

U Ag(u) = Qo (u) —

in Lemma 1, Section 3, it holds
Ag(1) (= 9o (1)) =0.

| 0 },(l—uﬁ
o (uq)] for Ve (2,1) T

59
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Furthermore, because of Al (1) = @, (1) — @ (1)(u—1) it is

Ag(1) (= 94(1)) =0, (100)

because of A (u) = @l (u) — ol (1)

Ag(1)=0 (11q)

and, owing to o > %, finally
A (0) = 9 () = o (1393 (120 (1 /) < 0% e [0,00).
Therefore A, (1) is monotone decreasing and due to (114)
Al (u)>0Vuelo1).
Therefore Al, (1) is monotone increasing and due to (104)
AL (u) <OVuelo,l).
Consequently Ay (u) is monotone decreasing and due to (9¢), finally,
Ag(u) >0V uecl01).

|
Proof. Case a € [a,, %) : The proof of this case is a little more complicated than the above one and
needs, in view of A}, (0) = 0 for o = 1, the distinction of the subcases & € [1,1) and o € [at, 3). In
order to shorten our paper we skip this part. Of course, the proof is available from the authors upon
request.
|
Very much along the lines of the above proof one can also show the corresponding result for the
case & = —k, k € (0,c0). In this it is appropriate to distinguish the cases k € [1,e) and k € [1,1) and
the subcases k € [k**,1) and k € [%,k**)7 whereby k = k™ ~ 0.42313 is the solution of the equation
A, (0) =0 with
A L(0) = 1 +k(3—2K+2)
-k k(k -+ 1)2k+2

Proposition 4_; For all k € [£, ) it holds
A_y(u) >0 Yue|0,1)
with strict inequality for all cases except for the case A_j /3 (0)=0.

Remark 12_; It turns out that

;oo 1k (283 —15)
8-(0) = k(k+ 1)2k+3
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Let, furthermore, k. ~ 0.7775715 be the larger of the two solutions of 8’ ,(0) = 0. Then &’ (0) >

0 for k € (ky,0).

Proposition 5_; For all k € [1,0) it holds
A (u) <A (0)-(1—u)® Yue|o1].

Proof. Let
8 k() = A 4(0)- (1 —u)* — Ak (u).

Then, consequently,
8 4(0) =0 and & 4(1) (=A (1)) =0

and because of 8, (u) = —3-A_(0)- (1 —u)> — A", (u)

8 (1) (= —A' (1)) =0

and in view of Remark 12_
8", (0) > 0.

Furthermore, 6", (u) = 6-A_;(0) - (1 —u) — A" (u) and

L for k=1
8".(0) :{ _i for ke (1,00) and 8”.(1) (=-A",(1))=0

and 0" (u) = —6-A_;(0) — A", (u) and hence

" n | (pﬁlk ( 1) |
0% (1) = —6-A_(0) — AT (1) =6- (T —A4(0)) <0,
the latter in view of
" 1 _1 1 _
A_4(0) — ofD] 3k — S L B
3! k-(k+1)2k+3 f.2k+4 k. (k4 1)2k+4

-0

o'y

0
10

1_p)

(12_)

Owing to Proposition 3_ it holds ¢"% (1) > 0V u € [0,0) for all k > 1. Consequently, the func-
tion A", is strictly monotone increasing and hence 8" is strictly monotone decreasing. Therefore,

because of
%1 for k=1

8l ):{ oo for ke (l,0)

and (12_y) there exists a unique value u3 € (0, 1) satisfying 6" (u3) = 0 and it holds

5" (u) >0 forall ue€(0,u3)
* <0 forall wue (u3,1].

Consequently the function

increasing on the interval [0, u3)

8", is strictly monotone . _
-k Y decreasing on the interval (u3,1] .
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Owing to (11_;) the maximum value of 8", is 6", (u3) > 0 and there exists a unique value u €
(0,u3) satisfying 8", (u2) = 0 and it holds

<0 forall wue€l0,uy)
>0 forall u€ (up,1].

% {
Consequently the function

decreasing on the interval [0, u;]

8’ is strictly monotone { . _ ,
k Y increasing on the interval  [uz,1] .

Due to (10(_0,2) and (109,2) the minimum value of 8’ is 8’ (u2) < 0 and there exists a unique value
uy € (0,uz) satisfying 8, (u1) = 0 and it holds

>0 forall ue[0,u;)
5/ 9
~(w) { <0 forall ué€ (u,l1].

Consequently the function

decreasing on the interval [0, ]

O_y is strictly monotone § . ; )
k Y increasing on the interval [y, 1] .

(9_y), finally, yields the result.

]
The proof of the corresponding result for the class o € (0,0) is similar to that of Proposition 5_
and the relevant Remark is

Remark 12, It turns out that

8a(l—a)

. 25(1H150) 240 g o e (0,1)
0) = |
. (0) - for € [l,o0).

Let, furthermore, ot ~ 0.496066 be the larger one of the two solutions of §),(0) = 0 for o € (0,1).
Then 8,,(0) > 0 for o € (a4, 0).

Proposition 5, For all o € (*,0) it holds
Ag(u) < Ag(0)-(1—u)® Yuelo,1].
For all cases k € (0, 1) there exits a value ug(k) € (0, 1) for which A_(ug(k)) = 0 and

<0 Vuel0,u(k))
A_i(u) { >0 YVue (up(k),1)

and for all @ € (0, @] there exits a corresponding value up(ct) € (0,1) concerning Ay, instead of
A_g. In this respect the validity of the Propositions 5_; and 54, respectively, can be extended to
certain lower bounds ki, € (0, %) and Qin € (0, ), however not beyond these. In order not to
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extend the length of our paper unduly we also state these results without proof.

Proposition 6_ Let for k € (0, 1)

"
1
51 (u) = “”g‘f” (=) — A (u)
Then
Tk—1 . 1
5,k(0)—m>0 fiir k>?

and the function k — J_;(0) is monotone increasing on the interval (0, %) and it holds d_(0) €
[0,3-27 5]V ke [4, 1] where §_, 7(0) = 0.
Furthermore, let ky,;, € (%, %) be

11
kiin = sup{k € [?,g] :3ue0,1):8_(u) <0}.

Then the lower bound is kpi, ~ 0.14539 and, in addition to Proposition 5_p, it clearly holds for all
ke [kmina %)
|9 (1)]

|A_k|(u)§T~(l—u)3 Yue(0,1).

Proposition 6, Let for o € (0, )
"

ot = P (10—, ().

Then
_16a—2%(1+7a)

0¢,(0) = 0 f ~0.13147
o (0) T6ae(l— @) > 0 for o > o

and the function « +— 84(0) is monotone increasing on the interval (0,1) and it holds 64(0) €
[0,0.27255] V o € [ap, o] where O, (0) = 0.
Furthermore, let 0y, € (0, Q) be

Omin = sup{a € [0, @] : Tu € [0,1): 5 (u) <0} .

Then the lower bound is O, ~ 0.1337 and, in addition to Proposition 5, it clearly holds for all
o c [amina ac)

el < 2D (1 vue o).
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