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Statistical modelling for several years of daily temperature data is somewhat challenging
due to remarkable variations of negative and positive temperatures throughout the year. A
scatter plot of day and daily temperature shows the high magnitude of variations among
data points as dots fall only in the first and fourth quadrants. One parametric modelling
approach to this data is to use quantile regression to obtain regression lines on different
quantiles. However, these quantile lines cannot make reliable predictions on extreme quantiles
when time-variant quantiles differ significantly. In this paper, we develop several two-step
nonparametric smoothing estimators and show their superiority over quantile regression for
smoothing estimation of nonparametric quantiles with a novel application to temperature
data. Narrower bootstrap confidence bands, smaller Minimum Absolute Distance (MAD),
smaller bias and MSE, and higher coverage from the application and simulation results show
that smoothing curves obtained from these smoothing estimators outperform the quantile
regression line.
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1. Introduction

Kernel smoothing, local polynomial smoothing and spline smoothing are very popular techniques
for smoothing a smaller to moderate sized data set under the settings of nonparametric regression.
However, these smoothing techniques become meaningless and yield very unstable results when
(i) the size of the data is very large, (ii) the data itself shows spiky time-variant behaviour, and
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(iii) one-step smoothing is used to accommodate (i) and (ii). Data having attributes (i) and (ii)
are usually smoothed on the first difference or second difference of the response variable to avoid
over-smoothing and under-smoothing of the raw data, and statistical interpretations and prediction
are made on the original scale by back transformation. On the other hand, when the purpose is
to estimate and predict time-variant quantiles (e.g., minimum and maximum temperature of yearly
data or other extreme quantiles), a small data set might not have enough time-variant quantiles
with substantial variations among them. In this paper, we propose and develop three two-step
nonparametric smoothing estimators for smoothing estimation of the time-variant extreme quantiles
(empirical or nonparametric quantiles) with attributes (i) and (ii). Two-step smoothing estimators can
easily accommodate big data in its estimation procedures if the purpose is to estimate time-variant
unknown constants. More specifically, if the purpose is to estimate time variant smoothing quantiles
or parameters from multiple years of data, then one-step smoothing (kernel log likelihood smoothing
method) is not possible if the parametric structure of the response variable is not specified. A Kernel
log likelihood smoothing estimate is obtained from the likelihood function multiplied by the kernel
weighting function. Another one-step method, quantile regression, will not be able to make good
approximations of the extreme quantiles when time-variant quantiles vary significantly. To overcome
these estimation problems, two-step estimation procedure has been incorporated in the estimation
procedure. Two-step estimation procedure consists of obtaining raw estimates of unknown quantiles
by an empirical approach from the original data in the first step. These raw estimates of the time-
variant quantiles are treated as the data points of the response variable and in the second step, the raw
estimates are smoothed by applying smoothing estimators such as local polynomial, kernel or spline
as derived in Section 3.

Nadaraya—Watson (Nadaraya, 1964; Watson, 1964) first developed and used kernel smoothing
estimation, and since then it has been used in many applications, such as kernel density estimation
(Silverman, 1986; Scott, 1992), kernel smoothing estimation of unknown functions (Hart and Wehrly,
1986), kernel smoothing estimation of distribution functions (Chowdhury et al., 2017, 2018), kernel
smoothing estimation of time-variant parametric models (Chowdhury, 2017), two-step estimation
of time-variant parameters and quantiles (Chowdhury et al., 2017), and estimation of time-varying
coefficient models by a kernel estimator (Hoover et al., 1998). Local polynomial smoothing was first
studied by Stone (1977, 1980, 1982) and Cleveland (1979) and then by Fan (1992, 1993), Fan and
Gijbels (1992, 1996) and Ruppert and Wand (1994), among others. Smoothing splines have been
studied by many authors, such as Schoenberg (1964), Reinsch (1967), Wahba (1975), and Silverman
(1985), to name a few. See Eubank (1999) for a good review of spline methods and Wahba (1990)
for a complete theoretical treatment.

In order to obtain smoothing nonparametric quantiles on the entire time range, we have derived
three two-step smoothing estimators by modelling the time-variant raw estimates of the nonparametric
quantiles. These estimators could be used when the parametric form of the response variable is
unknown, the size of the data is big, or the data have significant variation by time points. For
the estimation method, we first obtain time-variant raw estimates of the extreme quantiles at a set
of distinct time points, and then compute the final estimators at any time point by smoothing the
available raw estimates using these nonparametric smoothing estimators. We compare the relative
performance of these smoothing estimators among themselves and with the quantile regression line
by computing the MAD values of the observed and smoothed quantiles for the temperature data from
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seven US cities. We also construct their corresponding bootstrap confidence bands. All statistical
computations and simulations are performed in R.

We describe time-varying nonparametric quantiles and parametric quantile regression in Section
2, and present our derivation of two-step smoothing estimators in Section 3. In Section 4, results from
simulation studies are shown and an application of our procedures is presented in Section 5. Finally,
we briefly discuss in Section 6 some further implications and extensions of the these procedures.

2. Quantiles and parametric quantile regression

Let Fytji (), j=12,...,J,i =1,2,...,n;, be a time-variant distribution function. Y;ji stands for
ith observation of the 7;th year. More specifically, if i = 79 and j = 11, then Y;; stands for the 79th
observation of the 11th year (there are up to 366 observations for each year). A value for the extreme
quantile  for each ¢; is estimated as

&, (ty) =inf{y,; : F(y,;0) =2 n} = F~' (), ()
where infimum is running over i and 7 € (0, 1). When F(-) does not belong to any parametric family,
we can use the empirical version of F(-) to compute &, (¢;). We consider n = 0.95 and 57 = 0.05 in

our application to US temperature data. The quantile regression estimator for quantile 7 minimises
the objective function

0B = D, nlyi=xiBl+ Do (1=n)lyi = xByl. @)
ityi>x/8 ityi>x!
This nondifferentiable function is minimised via the simplex method, which is guaranteed to yield
a solution in a finite number of iterations. Interested readers can refer to the well-known paper of
Koenker and Bassett (1978) for more on quantile regression.

3. Three nonparametric regressions

3.1 Estimation method

Our estimation is based on a two-step procedure in which we first split the sample space by a variable
such as time or age, which is regarded as the explanatory variable in the nonparametric regression
setting. For each split data, unknown statistical constants of interest, known as parameters, are
estimated (method of moments, MLE, Bayesian methods or empirical methods) for each time point
by engaging the response variable. These point-wise unrefined estimates are sometimes regarded
as the raw estimates. In the second step, these unrefined estimates are smoothed by nonparametric
regressions to obtain a predicted or smoothed value at any point on the entire time range. More
specifically, suppose S is our sample space, which we split in J disjoint sets S; by time variable ¢;
such that ij':l S; = S. Byusingthe subjectsinS; attime ¢; € t, we first estimate point-wise quantiles
&y(t)) of £,(¢;), and then derive the smoothing estimates of &,,(¢) for any ¢t € 7 by applying the
nonparametric regression over the corresponding & 5 (t;) ateacht;. This two-step smoothing approach
is computationally simple and can be used for both longitudinal data and time-variant cross-sectional
data. For cross-sectional data, this procedure does not need correlation assumptions across different
time points and for longitudinal data the correlation would be negligible if the repeated measurements
appear in a manner of random long distant time points. By following this estimation method, we will
derive the following three two-step nonparametric smoothing methods.
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3.2 Two-step local polynomial smoothing regression

Suppose that £, (¢) is (p+1) times continuously differentiable with respectto s € 7. Let f,(;’) (1) be the
gthderivativeof £,,(1),1 < g < p,and §,4(t) = gff’) (t)/q!. By the Taylor expansion of &,, (), we have
Ep(t) = ZZ:O 04(ao)(tj —ag)? for t in some neighbourhood of ag. We treat the raw estimates E,, (tj)
as the “observations” of £, (¢;) at ¢;, and obtain the pth local polynomial estimators by minimising
ST () = 5P 64(1) (1 — a0)9) Kt — ao). where Ky (1 — ao) = K[(t ~ ao) /1] /1. K() s
a nonnegative kernel function, and 4 > 0 is a bandwidth. Using the matrix formulation, we define
En(t) = (£4(11), . &g (1)), (1) = (S0(0), ... 6,(1)T, G(1:h) = diag{Ky,(1; - ag)} with jth
column G (t; h) = (0, ..., Kp(t;—ay), ...,0)T,and T, () the Jx (p+1) matrix with its jthrow given
byT; »(t) = (1,t;=ao,...,(tj—ao)?). Thelocal polynomial estimators g (¢) minimise Qg [6(t)] =
[5,7 (&) =Ty (1)o(1)] TG(t; h) [5,, (t) =T, (t)6(1)]. The pth order local polynomial estimator of §,] @) (1)
based on 5,7 (;), which minimises QG [6(1)], is

J
&1 (1) = Z {Wq,p+l(tj’ t;h) ?n(tj)}, (3)
j=1

where W, ,.1(tj,t;h) = qleget, pei [T;(t)G(t; h)T,,(t)]_1 [Tfp (1)Gj(t; h)] is the “equivalent ker-
nel function” (e.g., Fan and Zhang, 2000) and e441, p+1 is the row vector of length p + 1 with 1 as
its (¢ + 1)th entry and 0 elsewhere. By definition of 6(7), we have 6(r) = (So(1), . . ., gp(t))T and
E,(,‘”(z) = 64() q! is an estimator of §,q)(t) g =0,1,...,p. For local polynomial fitting p — ¢
should be taken to be odd as shown in Ruppert and Wand (1994) and Fan and Gijbels (1996). When
p = 1, we get the local linear estimator E o (1) = S0 () of £,,(¢) based on (3) and the equivalent kernel
function Wy 2(¢;, t; h). So, the local linear estimator is

Egu (1) = ED (1]). (4)

3.3 Two-step kernel smoothing regression

Suppose the random bivariate observations (t,&,/(1)),...,(ts,&,(ty)) each has joint density
f(t,€,(1)). Let m(¢) be an unknown function, which could be expressed by the nonparametric
regression model:

f,l(lj)Zm(lj)+6j, j=1,...,J, (5)

where ¢; satisfies E(€;) = 0, Var(e;) = o2 and Cov(e;, €) = 0 for j # k. Thus, we have

_ Ao [EWfnE0]dé, () N
m() = El,0T =11 = [ &0 [e0h)agy 0 = [ fneyolae, b @

m(t) is a ratio of two correlated random terms. A product kernel density estimator technique will
be used to estimate N and D separately. Therefore, by using the symmetry of the kernel and
transformation of variables, we have

HEAOE ZK( )K

D= [ flteyo)ae, 0= ZKh, 1) [ Kne, (€0 - £0)de (0 = ; ZKh, ) = Fo),

&n(1)

&n(ty)
hfvn : ) ZKht (£ = 1)K, (&4(1) = &4 1)),
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N= [ ey0flteywlae, -5 [ fn(l)ZKh, 1)K, (En(1) = £0(1)) ZKh, )en (1)),

Therefore, we have
r(t) = Z Wi, (£ = 1)), (1)), ™

where Ky, () = K(.)/he, Wy, (t = 1;) = Kn, (t = 1;) /7 Kn, (t = 1;), and 7_ Wi, (1 = 1) = 1.
Estimator (7) is widely known as the Nadaraya—Watson kernel estimator. % is known as the bandwidth
or smoothing parameter.

3.4 Two-step spline smoothing regression
Let us consider the data points (1, &, (11)), (t2,&,(¢2)), ..., (ts,&,(27)). We want to find a function
m(t), which is a good approximation to the true regression function m(t) = E(&,(1)|T =t). A
natural way to do this is to minimise the spline objective function
J
O(m, by =" (&,(1)) = m(17))* + h/ (m” (1)*d1, ®)
j=1

where h is a smoothing parameter, chosen by cross-validation. The first term is just the mean
squared error (MSE) using the curve m(¢) to predict &,(¢). The second term penalises curvature
in the function. m’’ is the second derivative of m with respect to ¢, which confirms the existence
of curvature of m at . The sign of m”’ tells whether m is concave or convex but squaring it makes
it immaterial. Integration of this over all # determines the average curvature of m. Finally, this is
multiplied by / and added to the MSE. Given two functions with the same MSE, we choose the one
with less average curvature. It can be shown (Green and Silverman, 1994; Solo, 1999) that (8) has
an explicit, finite-dimensional, unique minimiser which is a natural cubic spline with knots at the
unique values of the z;, j = 1,2,...,J. It seems that the family is still over-parametrised, since there
are as many as J knots, which implies J degrees of freedom. However, the penalty term translates
to a penalty on the spline coefficients, which are shrunk some of the way toward a linear fit (Hastie
et al., 2009). Since the solution is a natural spline, we can write it as m(t) = 2,1-21 N;(1)0;, where
the N; are a J-dimensional set of basis functions for representing this family of natural splines. After
the above reparametrisation, the optimisation problem (8) turns out to be

2 2
J J

J
0(9,h)=z §,7(tj)—ZNj(t)9j +h/ ZN}'(r)ej dt. )
j=1 J=1

j=1
By defining the basis matrix and penalty matrices N and Q € R by N;; = N;(#;) and Q;; =
lef’(t)N;.'(t)dt, fori,j=1,2,...,J, problem (9) becomes

0(0,h) = (&, - NO)' (&, — NO) + ho" Q0. (10)
The solution is easily seen to be § = (NTN + hQ) "' NT&,,, with fitted smoothing spline

J
m(1) = N(NTN + hQ)"'NT¢, =ZN,(¢)§,. (11)
j=1
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3.5 Minimum absolute distance (MAD) values

Suppose &, (t;) are the observed values of the nonparametric quantile of order 7 at time point ¢;.
In our application, we consider = 0.95 and = 0.05, which stand for 95th and 5th percentile
values. Let ggm_l, (t)), é?nxs (t)), ;?USS (t;) and .f,,QR (t;) be the smoothed/fitted values obtained from
local polynomial smoothing, kernel smoothing, spline smoothing and quantile regression. The MAD
values for each of the three smoothing estimates with respect to the quantile regression estimate for
ez}ch time point are computed by |$,,LP (t;) = &), Ié,,KS (t;) = &5 ()], I‘f,]ss (t;) = &5(¢t;)| and
|Enor (1) =& (tj)| for j =1,...,J. In Section 5, we compare the MAD values for each of the seven
cities and select the Best Estimator (BE). The BE is chosen as the estimator with the smallest MAD
value. The BE refers to the estimator that approximates the observed quantiles best.

3.6 Kernel selection

In nonparametric regression such as local polynomial smoothing and kernel smoothing, the kernel
works as a weighting function. Similar to density estimation, kernel regression uses a kernel
function K : R — R, satisfying fK(x)dx =1, fo(x)dx =0,0 < fsz(x)dx < oo. The
Gaussian kernel and the Epanechnikov kernel are two commonly used kernels respectively defined
by K(x) = (21)"2exp (—3x%), x € R, and K(x) = 3(1 —x?), |x| < 1. MISE (Mean Integrated
Squared Error) or AMISE (Asymptotic MISE) are two metrics to check the comparative performance
of the kernels. The Epanechnikov kernel minimises AMISE, and is therefore considered optimal. The
Epanechnikov kernel is used in our application and simulation studies. In nonparametric regression,
kernel selection is not as important as the choice of bandwidth. No kernel is used in the two-step
spline smoothing estimator.

3.7 Cross-validation for bandwidth choices

In nonparametric regression, the bandwidth controls the smoothness and roughness of the smoothing
estimator. Two popular bandwidth selection techniques are “Leave-One-Subject-Out Cross Validation
(LSCV)” and “Leave-One-Time-Point-Out Cross Validation (LTCV).” The LSCV procedure deletes
observations one at a time while LTCV deletes all observations at the time design points t =
(t1,...,ts). The bandwidths for (4) and (7) and smoothing parameters for (11) are selected using
the LTCV procedure because our data in the applications and simulations are binned to different time
(age) points. The cross-validation criterion is

J
ZZZ Ari) -8; ’)(tj)}, (12)
j=1ieS;

where W; is a weight function which could be 1/N and %_j ) (z;) is the nonparametric regression
estimators of (3), (7) and (11) applied to the data at all time points except time point ¢;. The CV
choice of & is the one that minimises CV (k) over & > 0. Bandwidth choice plays a significant role
in nonparametric regression. A subjective or wrong choice of very small (h — 0) or very large
(h — o) bandwidth will produce undersmoothed or oversmoothed curves. For a very large choice of
bandwidth, nonparametric smoothing estimates converge to the ordinary least squares fit of a straight
line yielding higher biases in smoothing curve. On the other hand, if the bandwidth is very small,
the smoothing estimates will have large variances.
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3.8 Point-wise bootstrap confidence band

Hoover et al. (1998) suggested the “resampling-subject” bootstrap for inferences on nonparametric
analysis. By incorporating his suggestion to our two-step estimation procedure, we can obtain a point-
wise bootstrap confidence band for &,,(¢) by first obtaining B bootstrap samples through resampling
the subjects from the sample with replacement, and then computing B two-step smoothing estimators
{g?,;(t) :b=1,...B} using (4), (7) and (11) for each of the bootstrap samples. A similar procedure
is followed to construct bootstrap confidence bands for the quantile regression line. The lower
and upper boundaries of the [100 x (1 — @)]th empirical quantile bootstrap point-wise confidence
band of E 5 (¢) are the empirical lower and upper [100 X («/2)]th percentiles based on the bootstrap
estimators {57,’,(;) :b=1,...B}. Alternatively, if SD{?,’](t)} is the empirical standard deviation of
{g?f; (t):b=1,... B}, the [100 X (1 — a)]th normally approximated bootstrap pointwise confidence
interval of &, () is &, () + Z1_ /2 X SD {g’](t)}, where Z;_ 42 is the [100 x (1 — //2)]th percentile
value coming from the standard normal distribution.

4. Simulation

In this section, we conduct a simulation study to assess the performances of the smoothing curves
obtained from the two-step smoothing estimators against the quantile regression line. We also
compare the relative performance of these three two-step smoothing estimators among themselves.
We compare their performances by computing BIAS, MSE, and COVERAGE. Data are simulated
with increasing variance over 50 time points (TP) with the standard deviation s, being s, = 0.1+0.05¢,
t € {1,2,...,50}. The heterocedastic model for data simulation is y = by + b1t + e, where by = 3,
by =0.1and e ~ N(0, s;). We generated 500 simulated data to evaluate these four methods on the
curve/line estimation for 95th and 5th percentile values. The Epanechnikov kernel and the optimal
bandwidth from cross-validation are used for the smoothing estimators. We then calculate MSE,
BIAS and COVERAGE to determine which method is best. Table 1 and Table 2 represent the
simulation results for the 95th and 5Sth percentile values respectively. From Table 1, we see that the
two-step local polynomial smoothing (LP) and the two-step spline smoothing (SS) have less bias than
the quantile regression (QR) line for all 50 time points. For the two-step kernel smoothing (KS), we
see that only at first four time points, QR has less bias than the KS. For comparison of MSE for these
four methods, we conclude that the SS estimator has less MSE than QR at all 50 time points. We
also see that at the first three time points, the KS estimator has a higher MSE than QR and only in
the last time point, the LP smoothing estimator has a higher MSE than QR. In all other time points,
QR has a higher MSE than then the LP estimator and the KS estimator. For coverage probability,
we see that only at time point 49, QR has a higher coverage than the LP estimator and in all other
time points, QR has a lower coverage than all three two-step smoothing estimators. From Table 1,
we also see that out of the 50 time points, LP has less bias in 17 time points whereas KS and SS have
less bias in 18 and 15 time points respectively. In terms of MSE, we see from Table 1 that the KS
has a less MSE in 41 time points than the SS and the LP. In terms of Coverage probability, all three
smoothing estimators have consistent results. Similar explanations stand for Table 2.
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Table 1. Bias, MSE, Coverage and Best Estimator (BE) corresponding to 50 Time Points (TP) for the
Quantile Regression (QR), Local Polynomial Smoothing (LP), Kernel Smoothing (KS) and Spline
Smoothing (SS) estimators for the 95th percentile values from the simulation design.

Bias MSE Coverage

TP QR LP KS SS BE QR LP KS SS BE QR LP KS SS BE

1 0.064 25 0.004 63 0.399 15 0.00669 Ip | 0.01423 0.00166 0.18366 0.00941 1p | 0.920 0.945 0.245 0.960 ss

2 006118 -0.00538  0.26246 —0.00319 ss | 0.01654 0.00371 0.08819 0.01092 Ip | 0.930 0.995 0.500 0.990 Ip

3 0.07129 -0.00791 0.16525 —0.00543 ss | 0.02093 0.00752 0.04464 0.01355 Ip | 0.935 0.995 0.730 0.980 Ip

4 0.08926  0.00739  0.11077  0.01033 Ip | 0.02857 0.01001 0.02627 0.01272 1p | 0.895 0.985 0.845 0.975 Ip

5 0.10044 0.01234 0.07110 0.01493 1p | 0.03554 0.01530 0.02187 0.01981 1lp | 0.930 0.985 0.910 0.975 Ip

6 0.08192 -0.00008 0.03112 0.00078 Ip | 0.03798 0.02053 0.02149 0.02352 1p | 0.960 0.995 0.995 0.975 Ip

7 0.07986 -0.00725  0.00992 -0.00823 Ip | 0.04177 0.02215 0.02171 0.03407 ks | 0.950 0.995 0.980 0.995 Ip, ss
8  0.09606 0.004 26 0.01423 0.00154 ss | 0.05611 0.02946 0.02856 0.03657 ks | 0.960 0.995 0.990 0.990 Ip

9 0.10221 -0.01241 -0.00884 -0.01601 ks | 0.05471 0.03035 0.02898 0.05234 ks | 0.950 0.980 0.975 0.985 ss

10 0.11524 -0.00287 -0.00389 -0.00682 1Ip | 0.06538 0.03327 0.03173 0.05633 ks | 0.920 0.990 0.990 0.990 Ip,ks,ss
11 0.13342 0.01399 0.01329 0.00981 ss | 0.08780 0.04618 0.04445 0.05324 ks | 0.930 0.985 0.980 0.990 ss

12 0.11755 -0.00624 -0.00498 -0.01068 ks | 0.09408 0.05336 0.05144 0.06182 ks | 0.970 0.980 0.980 0.990 ss

13 0.12793 -0.01482 -0.01708 -0.01874 1p | 0.10173 0.05883 0.05739 0.08269 ks | 0.940 0.990 0.985 0.995 ss

14 0.15221 0.00383  0.00703  0.00122 ss | 0.11369 0.06822 0.06613 0.09600 ks | 0.940 1.000 0.995 1.000 Ip, ss
15 0.17567 0.023 65 0.01960 0.02377 ks | 0.14488 0.08265 0.07963 0.12156 ks | 0.950 0.990 0.990 0.985 1p, ks
16 0.16839 0.00292 0.002 74 0.00584 ks | 0.14788 0.09233 0.08765 0.11506 ks | 0.960 0.990 0.990 0.995 ss

17 012675 -0.03880 -0.03980 -0.03525 ss | 0.12554 0.08892 0.08653 0.13331 ks | 0.960 0.995 0.995 0.995 Ip,ks,ss
18  0.19263 0.02017 0.02042 0.02512 1p | 0.17832 0.10130 0.09518 0.13619 ks | 0.930 0.985 0.980 0.985 Ip, ss
19 0.18431 -0.00435 -0.00379  0.00274 ss | 0.20863 0.12756 0.12267 0.14266 ks | 0.965 0.985 0.985 0.995 ss
20 0.19142 0.01231 0.01166 0.01788 ks | 0.21168 0.13018 0.12431 0.14824 ks | 0.955 0.990 0.985 0.995 ss

21 0.18547 -0.00595 -0.00489 —-0.00495 ks | 0.30145 0.18934 0.18163 0.17652 ss | 0.975 0.995 0.995 0.995 Ip, ks,ss
22 0.19690  0.00105  0.00362 -0.00004 ss | 0.23681 0.16001 0.15440 0.22822 ks | 0.965 0.995 0.995 0.995 Ip,ks,ss
23 0.19782 0.00085 —0.00342 0.00094 Ip | 0.27254 0.17030 0.16408 0.19883 ks | 0.960 0.990 0.985 0.995 ss
24 0.22626  0.00278  0.00769  0.00435 Ip | 0.28884 0.17887 0.16910 0.27431 ks | 0.965 0.985 0.985 1.000 ss
25 0.22251 0.001 81 0.00049 -0.00034 ss | 0.27959 0.16815 0.16304 0.23127 ks | 0.960 0.995 0.995 0.995 Ip,ks, ss
26 0.23225 -0.00249 -0.00077 -0.01138 ks | 0.31266 0.20060 0.18993 0.27053 ks | 0.940 0.990 0.990 0.995 ss

27 0.22757 -0.01118 -0.01484 —-0.02007 Ip | 0.38842 0.24513 0.23673 0.30000 ks | 0.970 0.995 0.995 1.000 ss
28 0.27096 0.02097 0.01547 0.01948 ks | 0.40951 0.23771 0.23256 0.35996 ks | 0.930 0.990 0.990 0.995 ss
29 0.25905  0.00601 0.00972  0.01003 Ip | 0.41258 0.26056 0.25214 0.35465 ks | 0.940 0.995 0.995 0.985 Ip, ks
30 0.24640 -0.01457 -0.00428 -0.01101 ks | 0.45918 0.29859 0.27881 0.43137 ks | 0.960 0.985 0.985 0.985 Ip,ks,ss
31 0.25585 -0.00439 -0.00322 -0.00416 ks | 0.53705 0.34162 0.32336 0.39522 ks | 0.975 0.995 0.995 1.000 ss

32 031117  0.04842  0.04269  0.04396 ks | 0.45838 0.27180 0.26432 0.37854 ks | 0.940 0.975 0.975 0.985 ss
33 0.17132 -0.08865 —0.09348 -0.09957 Ip | 0.55813 0.37777 0.36595 0.42712 ks | 0.985 0.995 0.995 1.000 ss

34 032832  0.07617  0.07505  0.06025 ss | 0.54438 0.32752 0.31562 0.44487 ks | 0.945 0.990 0.985 0.990 Ip, ss
35 0.21172 -0.04810 -0.04456 —0.06164 ks | 0.56733 0.37944 0.36900 0.52047 ks | 0.970 0.985 0.985 0.990 ss
36 0.26538 -0.01243 -0.00836 -0.01607 ks | 0.52441 0.35580 0.34631 0.45928 ks | 0.965 0.985 0.985 0.985 Ip, ks,ss
37 0.33627  0.03886  0.03886  0.04457 ks | 0.66087 0.37524 0.35800 0.49119 ks | 0.980 0.990 0.990 0.985 Ip, ks
38 0.32462 0.008 68 0.008 11 0.01696 ks | 0.72391 0.47046 0.45372 0.62837 ks | 0.985 0.985 0.985 0.995 ss

39 0.28420 -0.03108 -0.03720 -0.02279 ss | 0.74661 0.47226 0.44182 0.64682 ks | 0.975 0.990 1.000 0.990 ks

40 037469  0.04680  0.04211 0.05966 ks | 0.78038 0.48931 0.46829 0.66490 ks | 0.935 0.990 0.990 0.995 ss

41 0.33426 0.008 81 0.00429 0.02640 ks | 0.76065 0.47213 0.45459 0.63980 ks | 0.955 0.985 0.985 0.980 1p. ks
42 030612 -0.02824 -0.02377 -0.01419 ss | 0.76704 0.54803 0.51463 0.65794 ks | 0.990 0.995 0.995 0.995 |Ip,ks,ss
43 0.33058 0.00418 —0.008 81 0.01246 1p | 0.79922 0.54640 0.53184 0.78488 ks | 0.945 0.985 0.985 0.985 Ip,ks,ss
44 023798 -0.08651 -0.09265 -0.07747 ss | 0.87177 0.62392 0.59179 0.70685 ks | 0.985 0.995 0.995 0.995 Ip,ks,ss
45 0.38479  0.05659  0.02710  0.06449 ks | 0.92005 0.58782 0.55179 0.68489 ks | 0.940 0.985 0.990 0.985 ks

46 0.32514 -0.01238 -0.07962 -0.01648 1p | 0.88125 0.59229 0.57485 0.72694 ks | 0.965 0.975 0.985 0.985 ks, ss
47 031918 -0.02565 -0.12681 —-0.04449 1Ip | 0.81539 0.57140 0.55109 0.65286 ks | 0.950 0975 0.980 0.980  ks,ss
48 0.39923 0.04661 —0.13383 0.02065 ss | 1.29477 0.78562 0.87090 0.71095 ss | 0.980 0.980 0.990 0.995 ss

49 034117 -0.01670 -0.29960 —-0.04420 1p | 1.30480 0.34284 0.86344 0.75018 Ip | 0.980 0975 1.000 1.000  ks,ss
50 0.43877  0.08283 —-0.32700  0.04840 ss | 0.98880 2.06927 0.62301 0.73852 ks | 0.935 0.975 1.000 0.980 ks
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Table 2. Bias, MSE, Coverage and Best Estimator (BE) corresponding to 50 Time Points (TP) for the
Quantile Regression (QR), Local Polynomial Smoothing (LP), Kernel Smoothing (KS) and Spline
Smoothing (SS) estimators for the Sth percentile values of the simulation design.

Bias for Maximum Smoothing Values MSE for Maximum Smoothing Values Coverage for Maximum Smoothing Values
TP QR LP KS SS BE QR LP KS SS BE QR LP KS SS BE
1 -0.03367 -0.00154 -0.18687 -0.00002 ss | 0.00711 0.00340 0.04444 0.00941 Ip | 0.935 0.935 0.480 0.945 ss
2 -0.03156 0.00754 -0.15130  0.00851 lp | 0.00986 0.00503 0.03392 0.01092 Ip | 0.940 0.965 0.660 0.940 Ip
3 -0.04970 -0.00311 -0.13766 —-0.00214 ss | 0.01463 0.00677 0.03079 0.01355 Ip | 0.910 0.945 0.715 0.945 Ip, ss
4 -0.06766 -0.01007 -0.12292 -0.00958 ss | 0.01754 0.01043 0.03044 0.01272 Ip | 0.905 0.950 0.810 0.955 ss
5 -0.07163 -0.00774 -0.10091 -0.00686 ss | 0.02347 0.01441 0.02819 0.01981 Ip | 0.920 0.955 0.880 0.955 Ip, ss
6 -0.07629 -0.00735 -0.08531 -0.00610 ss | 0.02927 0.01888 0.02851 0.02352 Ip | 0.930 0.960 0.915 0.955 Ip
7 -0.05337  0.01958 —0.04556  0.02241 Ip | 0.03741 0.02948 0.03163 0.03407 Ip | 0.955 0.940 0.960 0.950 ks
8 -0.08811 -0.00604 —0.05839 -0.00221 ss | 0.04419 0.03279 0.03662 0.03657 Ip | 0.925 0.960 0.940 0.960 Ip, ss
9 -0.06736  0.02024 -0.02617  0.02367 Ip | 0.05582 0.04895 0.04794 0.05234 ks | 0.950 0.935 0.940 0.940 qr
10 -0.08518  0.00886 —0.02479  0.01244 Ip | 0.06534 0.05437 0.05374 0.05633 ks | 0.945 0.950 0.960 0.960 ks, ss
11 -0.10988 -0.01322 -0.03843 -0.00612 ss | 0.06590 0.05051 0.05208 0.05324 Ip | 0.930 0.955 0.960 0.960 ks, ss
12 -0.12129 -0.01606 -0.03510 -0.00874 ss | 0.07907 0.05659 0.05872 0.06182 1Ip | 0.930 0.960 0.965 0.955 ks
13 —0.10267  0.01114  0.00041 0.01893 ks | 0.09701 0.07597 0.07286 0.08269 ks | 0.940 0.940 0.945 0.950 ss

14 -0.13173 -0.00915 -0.01940 -0.00273 ss | 0.11768 0.09062 0.08752 0.09600 ks | 0.940 0.945 0.950 0.950 ks, ss
15 -0.07883  0.05330  0.03909  0.05814 ks | 0.12869 0.11445 0.10820 0.12156 ks | 0.950 0.930 0.935 0.940 qr

16 —0.16068 -0.01883 -0.02257 -0.01486 ss | 0.14551 0.10746 0.10606 0.11506 ks | 0.930 0.960 0.960 0.955 Ip, ks
17 -0.18585 -0.03310 -0.03528 -0.03228 ss | 0.17210 0.12772 0.12675 0.13331 ks | 0.945 0.955 0.955 0.945 Ip, ks
18 -0.12649 0.03492 0.03625 0.03453 ss | 0.15919 0.12695 0.12489 0.13619 ks | 0.950 0.955 0.955 0.950 Ip, ks
19 -0.16738 -0.00104 -0.00028 -0.00361 ks | 0.17550 0.13461 0.13279 0.14266 ks | 0.935 0.965 0.965 0.965 Ip,ks,ss
20 -0.21336 -0.03918 -0.04067 -0.04132 Ip | 0.19460 0.14296 0.14167 0.14824 ks | 0.920 0.960 0.960 0.950 Ip, ks

21 -0.20826 -0.02572 -0.02558 -0.03111 ks | 0.22748 0.16617 0.16042 0.17652 ks | 0.925 0.955 0.950 0.955 Ip, ss
22 -0.19034  0.00009 -0.00879 -0.00655 lp | 0.28100 0.20655 0.19972 0.22822 ks | 0.930 0.960 0.960 0.960 Ip, ks, ss
23 -0.17207 0.027 16 0.02503 0.01944 ss | 0.24029 0.17815 0.17281 0.19883 ks | 0.940 0.955 0.955 0.950 Ip, ks
24 -0.22689 -0.01876 -0.01560 -0.02887 ks | 0.33813 0.24754 0.24441 027431 ks | 0.940 0.960 0.960 0.960 Ip,ks,ss
25 -0.21840 -0.00286 -0.00450 -0.01533 1p | 0.29043 0.20856 0.20404 0.23127 ks | 0.955 0.970 0.970 0.960 Ip, ks

26 -0.18801 0.03584  0.04005 0.02543 ss | 032143 0.24374 0.24132 027053 ks | 0.955 0.965 0.965 0.960 Ip, ks
27 -0.20926  0.02129  0.01828  0.01249 ss | 0.37558 0.28466 0.27794 0.30000 ks | 0.935 0.950 0.945 0.950 Ip, ss
28 -0.28659 -0.05918 -0.06019 -0.06687 lp | 0.46518 0.32570 0.31887 0.35996 ks | 0.930 0.950 0.950 0.945 Ip, ks

29 -0.23812 -0.01065 -0.00510 -0.01503 ks | 0.43735 0.33931 0.33347 0.35465 ks | 0.970 0.975 0.975 0.980 ss
30 -0.21945 0.00901 0.01132 0.00943 1p | 0.52576 0.38830 0.38133 0.43137 ks | 0.940 0.955 0.955 0.960 ss
31 -0.27046 -0.03559 -0.03387 -0.03670 ks | 0.49602 0.35533 0.34617 0.39522 ks | 0.950 0.945 0.940 0.955 ss
32 -0.27583 -0.03276 -0.03847 -0.03809 1p | 0.50473 0.35621 0.34076 0.37854 ks | 0.945 0.955 0.955 0.965 ss
33 -0.21467 0.03659 0.03576 0.03213  ss | 0.48765 0.40485 0.40175 042712 ks | 0935 0.955 0.955 0.965 ss

34 -0.25568  0.00547 0.01376  0.00490 ss | 0.52470 0.41291 0.40770 0.44487 ks | 0.960 0.950 0.950 0.950 qr
35 -0.22957  0.04015 0.05124  0.03987 ss | 0.61595 0.48754 0.47833 0.52047 ks | 0.945 0.950 0.945 0.950 Ip, ss

36 -0.29829 —-0.02284 -0.02647 -0.02687 Ip | 0.56104 0.42090 0.40715 0.45928 ks | 0.935 0.950 0.955 0.955 ks, ss
37 -0.29726 -0.01795 -0.00889 -0.02040 ks | 0.59651 0.46615 0.46167 0.49119 ks | 0.935 0.955 0.955 0.950 Ip, ks

38 -0.20112 0.08033 0.099 16 0.07913 ss | 0.72335 0.58460 0.57747 0.62837 ks | 0.955 0.945 0.940 0.960 ss
39 -0.28814 -0.00302 0.02325 -0.00839 Ip | 0.79041 0.60280 0.58407 0.64682 ks | 0.940 0.945 0.940 0.950 ss
40 -0.21661 0.07773 0.08803 0.06660 ss | 0.76766 0.62887 0.61174 0.66490 ks | 0.955 0.940 0.920 0.930 qr
41 -0.24084  0.07248 0.09705 0.06346 ss | 0.75335 0.60492 0.59711 0.63980 ks | 0.950 0.955 0.955 0.950 Ip, ks
42 -0.32561 0.009 85 0.03726 -0.00312 ss | 0.80273 0.60952 0.56609 0.65794 ks | 0.950 0.960 0.960 0.965 ss
43 -0.38827 -0.03510 0.00627 -0.05414 ks | 097316 0.73678 0.72060 0.78488 ks | 0.955 0.950 0.940 0.965 ss
44 -0.39009 —0.02991 0.03540 -0.04309 1p | 090156 0.67517 0.65564 0.70685 ks | 0.950 0.960 0.965 0.960 ks
45 -0.34202 0.01589 0.08624 0.01297 ss | 0.89833 0.62719 0.62699 0.68489 ks | 0.950 0.945 0.945 0.950 qr, ss
46 —0.36146 —0.00944 0.06440 -0.01074 1p | 0.96700 0.69363 0.67328 0.72694 ks | 0.955 0.945 0.935 0.950 qr
47 -0.38094 -0.02725 0.06702 -0.02164 ss | 091349 0.54209 0.58494 0.65286 lp | 0.945 0.950 0.940 0.935 Ip
48 -0.41814 -0.05362 0.06109 -0.05010 ss | 097118 0.58349 0.59732 0.71095 1p | 0.935 0.935 0.940 0.950 ss
49 -0.34433 0.04502 0.18337 0.03188 ss | 0.96101 0.51763 0.76124 0.75018 Ip | 0.955 0.950 0.940 0.950 qr

50  -0.34673  0.07728 020169  0.03728 ss | 0.99687 1.35717 0.76560 0.73852 ss | 0.940 0.950 0.940 0.945 Ip
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5. Application to temperature data in seven US cities

We apply our methods to temperature data measured in degree Celsius from seven US cities. The
cities were selected in such a way that three of them are in the extreme north (Minneapolis, Portland
and Seattle), three are in the extreme south (Dallas, Miami, San Diego) and one (Kansas) is in the
middle of the US. These data were recorded on each day by the US Meteorological Department
from 1990 to 2016. From this data, we computed the 95th and 5th percentile temperature for each
of the 27 years for these 7 cities. We have J = 27 distinct time design points {t,t,...,t7} =
{1990, 1991, ...,2016}. Thus, for a given 1 < j < J = 27, we denote Ty 95(¢;) and Ty 5(¢;) as
the 95" and 5" percentile values of temperature at year ¢ ;. The values of Ty 95(t;) and To.05(¢;)
are regarded as the raw estimate for each ¢;. Applying the two-step local polynomial smoothing
(LP) estimator (4), kernel smoothing (KS) estimator (7), spline smoothing (SS) estimator (11) to
the quantiles {Tpo5(¢;),2;;1 < j < J,1 < i < n} and {Toos(¢;), 251 < j < J,}, we obtain the
95th and 5th smoothing quantile curves on temperature data for any time point within the entire time
design points {71,172, ...,t27} = {1990, 1991, ...,2016}. It should be noted that the fitted quantile
regression (QR) line from equation (2) is obtained from the entire data Yii-

Figures 1 and 2 show the KS estimates, LP estimates, SS estimates, and QR estimates of 7 95(¢)
and Tp 05(¢;) and their corresponding bootstrap pointwise 95% confidence bands based on B=500
bootstrap replications. The Epanechnikov kernel was used as a weighting function for KS and LP
smoothing. In Figure 1, KS T0.95 DAL, LPS T0.95 DAL, SS T0.95 DAL and QR T0.95 DAL
stand for two-step kernel smoothing estimates, two-step local polynomial smoothing estimates, two-
step spline smoothing estimates, and quantile regression estimates of 770.95(¢;) in Dallas. Similar
abbreviations are used for other cities corresponding to T 05(¢;) and Ty 5(¢;) in Figures 1 and 2.

The value of the bandwidth & was chosen by minimising the LTCV scores. One concern when
choosing the optimal / in this application is that a range of & was set in advance. This is because a
too large h will flatten the smooth curve and fail to catch the “curvature" pattern in the original data
while a too small /2 will make the smooth curve too spiky. Therefore, a range of 1 to 10 of & was used
for KS and LP estimates to look for the value that can minimise the LTCV scores, while a range of 0
to 1.5 was used for SS estimates of parameter A. Furthermore, to avoid getting unusual estimations
near the boundary of the sample data (close to 1990 or 2016), some observations that were close
to the boundary were removed when comparing the LTCV scores. A parameter named TRIMMED
was used to control the number of observations removed. For instance, TRIMMED = 1 means that
the first and last observations were removed when comparing the LTCV scores. Since there are only
27 observations for each city, the value of TRIMMED was controlled within 3 in this application.
Tables 3 and 4 show the values of 2 and TRIMMED for KS estimates, LP estimates, and SS estimates
of Tp.o5(t;) and Ty 05(¢;) for each of the 7 cities. In Table 3, KS_h and KS_Trim stand for values
of bandwidth 2 and TRIMMED for two-step kernel smoothing estimates of Ty 95(f;). LP_h and
LP_Trim stand for values of bandwidth 4 and TRIMMED for two-step local polynomial smoothing
estimates of T o5(#;). SS_h and SS_Trim stand for values of bandwidth 4 and TRIMMED for spline
smoothing estimates of Ty 95(¢;). Similar abbreviations stand for the 70.05(¢;) in Table 4.

Bootstrap confidence bands have been calculated to demonstrate that the bandwidth choice is made
correctly and also to see which smoothing estimator has narrower confidence bands. In Figures 1
and 2, dots represent the raw estimates, solid black lines represent smoothing estimates and dashed
lines represent the 95% pointwise bootstrap confidence bands of Ty 95(¢;) and Ty 05(¢;). By looking
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Table 3. Values of the bandwidth # and TRIMMED for the 7 cities for the kernel
smoothing estimate, local polynomial smoothing estimate, and spline smoothing
estimate of 70.95(¢).

City KS_h KS_Trim LP_h LP_Trim SS_h SS_Trim
DAL 1.15 3 1.01 3 0.25 3
KANSAS 1.02 3 1.01 3 0.24 3
MIAMI 10.01 3 10.01 3 0.99 3
MINNEAPOLIS 1.18 3 1.01 3 0.20 3
PORTLAND 1.26 3 1.01 3 0.26 3
SAN DIEGO 2.80 3 1.04 3 0.68 3
SEATTLE 3.39 3 1.26 3 0.75 3

Table 4. Values of the bandwidth » and TRIMMED for the 7 cities for the kernel
smoothing estimate, local polynomial smoothing estimate, and spline smoothing

estimate of 70.05(¢;).
City KS_h KS_Trim LPS_h LPS_Trim SS_h SS_Trim
DAL 1.17 3 10.01 3 0.35 3
KANSAS 1.24 3 10.01 3 0.26 3
MIAMI 1.11 3 1.01 3 0.59 3
MINNEAPOLIS  1.31 3 10.01 3 0.25 3
PORTLAND 10.01 3 10.01 3 1.51 3
SAN DIEGO 4.05 3 1.55 3 0.70 3
SEATTLE 1.01 3 1.01 3 0.52 3

at the figures, we see that KS and LP estimators are a little rough compared to the SS estimator, and
the SS estimator produces narrower bootstrap confidence bands. A close look at Figure 1 tells that
there is not much change in Miami for Tp.05(f;). In San Diego and Seattle, we see from Figure 2
that there is an upward trend in 70.05(¢;) from 1990 to 2016. In all figures, we see that two-step
smoothing estimators better approximate the extreme quantiles than quantile regression line. Tables
5 to 11 show nonparametric raw quantile values (To.95(¢;), and Tp o5(¢;)), two-step kernel smoothing
estimates (KS o5(¢;) and KS os5(¢;)), two-step local polynomial smoothing estimates (LP 95(t;)
and LP os5(t;)), two-step spline smoothing estimates (SS.o5(¢;) and SS o5(¢;)), and fitted quantile
regression values (OR 95(¢;) and QR o5(¢;)) for 95th and 5th percentile values from 1990 to 2016 for
each of the 7 cities. Tabular representation of pointwise bootstrap confidence band have been omitted
to avoid redundancy. From Tables 5 to 11, we see that all three two-step smoothing values better
approximate the values of T'95(¢;) and To5(z;) than the values obtained by the quantile regression
line in most of the 27 time points.
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6. Discussion

We proposed and developed three two-step smoothing estimators for smoothing estimation of time-
variant nonparametric extreme quantiles. We compared their performances among themselves and
also compared them against quantile regression. We showed by application and simulation that
smoothing curves obtained from these smoothing estimators outperformed the quantile regression
line in terms of smaller MAD values, narrower bootstrap confidence bands, smaller bias, smaller
MSE and higher coverage probability.

There are a number of theoretical and methodological aspects that need to be investigated. Theo-
retical and simulation studies are needed to investigate the properties of other smoothing methods,
such as B-splines, wavelets and other basis approximations, and their corresponding asymptotic in-
ference procedures. If data can be approximated by a parametric probability model, then the one-step
kernel log likelihood smoothing method could also be investigated. However, it is extremely hard
to approximate time-variant data by a parametric probability model. Under robustness assumptions,
one can check the performance of one-step kernel log likelihood estimation method with the above
estimation methods.
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Figure 1. KS, LP, SS and QR estimates (solid lines) of T0.95 together with point-wise bootstrap
confidence bands (dashed lines).
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Figure 2. KS, LP, SS and QR estimates (solid lines) of T0.05 together with point-wise bootstrap
confidence bands (dashed lines).
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Table 5. Raw estimates (T'95(#;), T.05(¢;)), kernel smoothing estimates (K'S 95(#;), KS 05(¢;)), local polynomial smoothing
estimates (LP o5(¢;), LP o5(¢;)), spline smoothing estimate (SS 95(¢;), SS 05(¢;)), and quantile regression estimate (QR o5(¢),
OR o5(t)) of the 95th and 5th percentile temperature from Dallas in the United States from 1990 to 2016.

tj  Tos(tj) KSos(tj) LPos(t;) SSos(tj) ORos(t;) Tos(tj) KSos(tj) LPos(tj) SSos(tj) ORps(ty)

1990  37.20 37.17 37.21 37.22 38.74 —-0.48 —-0.52 -0.77 -0.63 —4.43
1991 36.70 36.67 36.66 36.51 38.82 -1.10 -0.95 -0.81 -0.47 —4.41
1992 35.60 35.79 36.56 36.08 38.90 0.73 0.51 -0.85 -0.11 -4.38
1993 37.80 37.61 36.89 37.28 38.98 -1.00 -0.90 -0.88 -0.54 -4.35
1994  36.70 36.78 37.00 37.02 39.07 -1.10 -1.09 -0.91 -1.14 -4.33
1995 37.10 37.05 36.89 36.96 39.15 -1.10 -1.30 -0.94 -1.99 -4.30
1996  36.70 36.69 36.81 36.55 39.23 —4.28 -3.88 -0.97 -2.71 —4.28
1997  36.10 36.32 37.24 36.67 39.32 -1.10 -1.22 -0.99 -1.54 —4.25
1998  39.40 39.15 38.13 38.75 39.40 0.12 0.08 -1.02 -0.11 -4.22
1999  38.30 38.40 38.48 38.76 39.48 0.70 0.55 -1.05 0.19 -4.20
2000  38.90 38.74 38.07 38.50 39.57 -1.10 -1.02 -1.07 -0.69 —4.17
2001 36.70 36.79 37.24 36.90 39.65 -1.58 -1.56 -1.10 -1.47 -4.14
2002 36.10 36.22 36.74 36.42 39.73 -1.70 -1.69 -1.13 -1.78 -4.12
2003 37.68 37.44 36.58 36.93 39.82 -1.70 -1.69 -1.16 -1.73 -4.09
2004 35.00 35.28 36.50 35.69 39.90 -1.55 -1.50 -1.20 -1.31 —4.06
2005 37.20 37.20 37.16 37.22 39.98 —-0.60 -0.58 -1.23 -0.53 —4.04
2006  39.40 39.09 37.74 38.62 40.06 0.60 0.42 -1.27 -0.07 -4.01
2007  36.10 36.40 37.56 36.98 40.15 -1.10 -0.96 -1.31 -0.50 -3.98
2008  38.18 38.04 37.66 37.68 40.23 —-0.60 -0.70 -1.35 -0.95 -3.96
2009  37.80 37.85 38.08 37.89 40.31 -1.70 -1.63 -1.40 -1.53 -3.93
2010 38.30 38.40 38.75 38.59 40.40 -1.70 -1.76 —-1.44 -1.88 -3.91
2011 40.48 40.30 39.39 40.09 40.48 -2.68 -2.46 -1.50 -1.75 -3.88
2012 39.40 39.40 39.19 39.53 40.56 0.00 —-0.26 -1.55 -1.18 -3.85
2013 38.30 38.30 38.35 38.27 40.65 -1.60 -1.64 -1.61 -1.83 -3.83
2014 37.20 37.26 37.54 37.30 40.73 -3.80 -3.49 —-1.68 -2.55 -3.80
2015 37.20 37.20 37.11 37.15 40.81 -1.00 -1.11 -1.75 -1.55 =3.77
2016  37.20 37.20 37.02 37.20 40.90 0.00 -0.07 -1.82 -0.03 -3.75




103

NONPARAMETRIC EXTREME QUANTILE ESTIMATION

LESI- 61'8— c0°Cl- 8¥°8— 08— £€°8¢ 8LEE 69°C¢ 8LEE 18°¢¢ 910¢
8¢CI— Y6'11- 98 11— €S 11— 8V 11— 0C'8¢ 08'ce 99°C¢ £8°C¢E 08'C¢ S10T
8¢CI— Ly yi- IL11- LLYI- 8¢CI— L0'8¢ g9ce LT'ee ILTe 89°C¢ ¥10¢
8¢ CI— oL TI- 9¢T1- €9 11— 09 11— €6°LE 9Tve 8V’ vE 98°¢e 8LEE €10T
6¢CI— SI'6— ey ll- CL'8— 88— 08°LE c0'LE 09°6¢ 19°LE 08°LE cloc
6 CI— S8°01- 0c 11— LETI- oL 11— L9°LE 91°Ce Sree S0°ce 00°6¢ 110C
o' SI- SO'I1- 8I'TI- [{UN0 00° 11— €5°LE cLee £8°¢e 88°¢e 06'¢ce oroc
or'SI— ov' 11— LO'TT- 16°01— 09°01- o'LE 80°CE 18°C¢ yice 01°ce 600¢
(02 LT€l— 96°01— LS El- clvi- LTLE 80°C¢ 96°C¢ I8 1€ 0L 1€ 800C
1145 60— L80I- [43 V0 09°01- er'Le 0L'vE crve 6've 00°6¢ L00T
IySi— 6C'L— LLOT- 08'9— 01'9- 00°LE 65°S¢ 99°v¢ gece 09°6¢ 900¢
[449% ¢6'6— 69°01— 9C 01— 8Y°01— L89¢ c6'ee ¥6'¢E STve 0eve §00T
[44%% €6’ 11— 19°01- L8T1- 80°CI— €L9¢ S0ce 0s¢ee le 01 1€ ¥00¢
4295 SLOI- €S 0I- ¢6°01— orri- 09°9¢ S6'vE yeve Ly'SE 09°6¢ £€00T
ey Sl- (4% 9°01- CT'8— 08'L— LY'9¢ (4533 98'v¢ gece 09°6¢ 00¢
ey Si— 90°01— 6¢01— S6'6— 88°6— £€9¢ €Cye ISve 96°¢E 06'¢ce 100¢
ey Sl— ILTT= ce0l- 1ceI- 08CIl— 0T'9¢ e oI've LEYE or've 000¢
12425 08'8— 9C01- ¢S 8- 08— L0'9¢ c6'ce 18°¢¢ 06'¢e 06°¢E 6661
12425 S8'L— 61°01- ¢6'L— 89°'L— £6°¢ €eee 0cee 0cce 0cee 8661
Sy Si— 8L°01— eror— LY 0l- 9T 01— 08°6¢ €9°Ce SLCE 8LCE 08'C¢ L661
Sy Si— 98°¢l— LO0T— 09'vI- Sy Si— L9°GE €0'ce gsce 8L1¢E 0L’ 1€ 9661
SySi- 2 B 10°01- 9°01- 88°6— £6°6¢E 60°¢E ¥8'C¢ SCee 0cee S661
o' Cl- 0C' 11— ¥6'6— Ly 11— oL 11— (933 9¢ee S6°CE 6C¢ce 0cee v661
o' ClI— 16°6— L8°6— €e0l- 09°01— LTSE e 12X4> SLCE 08'C¢ €661
Ly SI- OL'L— 08'6— 68°9— 01'9- erse Syie 65°C¢ 6L°0¢ 09°0¢ 661
Ly G- €rol- CL6— ¢8°0I- 8S 11— 00°6€ 8CYe 9L ¢e 98'v¢ 00°6¢ 1661
Ly Sl- LT8— ¥9°6— (4 08'L— L8'¥E 19°v¢ eLve wrve or've 0661

(Doyo (g (Ingr  (INSUsy (0 (Inseyo  (nsess  (fnsegr  (fnSesy  (‘nser
"910T 01 0661 WOIJ SIS PAIIU[) 9Y) UI A1) sesuey woiy srmeroduwd) onusadiad yig pue yge oy Jo ((12)S0y 0
(£1)56"y ) arewnsa uorssardar snuenb pue ((17)S0°gs (1) $6'gs) apewnse Surypoows aurfds *((£1)S0° g7 <(£1)S6' g'7) seorewnsa
Surqoows ferwouAfod [eoor ((7)S0°gy “(1)S6'sy) sorewnse Suryroours [ouIdy ((12)S07 <(11)S6 1) sojpewnse mey 9 I[qe],




CHOWDHURY, GADIDOV, LE, WANG, & VANBRACKLE

104

Table 7. Raw estimates (T'95(#;), T.05(¢;)), kernel smoothing estimates (K'S 95(#;), KS 05(¢;)), local polynomial smoothing
estimates (LP o5(¢;), LP o5(¢;)), spline smoothing estimate (SS 95(¢;), SS 05(¢;)), and quantile regression estimate (QR o5(¢),
OR o5(t)) of the 95th and 5th percentile temperature from Miami in the United States from 1990 to 2016.

tj  Tos(tj) KSos(tj) LPos(t;) SSos(tj) ORos(t;) Tos(tj) KSos(tj) LPos(tj) SSos(tj) ORps(ty)

1990  33.90 33.68 33.70 33.61 34.47 15.00 14.90 14.83 14.09 11.80
1991 33.90 33.66 33.67 33.60 34.46 12.90 12.99 13.53 13.64 11.60
1992 33.30 33.64 33.64 33.59 34.45 12.80 12.81 13.03 13.25 11.40
1993 33.90 33.62 33.62 33.58 34.44 12.90 12.94 13.05 12.93 11.20
1994  33.30 33.60 33.59 33.57 34.43 13.90 13.75 12.87 12.68 11.00
1995 33.90 33.57 33.57 33.56 34.43 11.70 11.75 12.14 12.48 10.80
1996  33.30 33.54 33.55 33.55 34.42 10.60 10.78 11.87 12.38 10.60
1997  33.30 33.51 33.54 33.54 34.41 13.30 13.17 12.50 12.36 10.40
1998  34.40 33.47 33.52 33.53 34.40 13.30 13.25 12.84 12.35 10.20
1999  33.30 33.43 33.51 33.52 34.39 12.20 12.28 12.64 12.28 10.00
2000  33.30 33.39 33.50 33.51 34.38 12.80 12.72 12.38 12.17 9.80
2001 33.30 33.36 33.49 33.50 34.38 11.70 11.78 12.09 12.01 9.60
2002  32.80 33.35 33.48 33.50 34.37 12.32 12.21 11.72 11.88 9.40
2003 32.80 33.35 33.48 33.49 34.36 10.60 10.71 11.32 11.81 9.20
2004  33.30 33.36 33.48 33.48 34.35 11.25 11.24 11.34 11.84 9.00
2005 33.90 33.39 33.47 33.48 34.34 11.70 11.71 11.81 11.98 8.80
2006  33.30 33.43 33.47 33.47 34.33 12.32 12.37 12.55 12.14 8.60
2007  33.30 33.47 33.48 33.46 34.33 13.90 13.80 13.18 12.24 8.40
2008  33.30 33.51 33.48 33.46 34.32 13.45 13.44 13.02 12.24 8.20
2009  33.90 33.53 33.48 33.45 34.31 12.80 12.59 11.84 12.16 8.00
2010 34.30 33.54 33.49 33.45 34.30 7.80 8.30 11.03 12.16 7.80
2011 33.90 33.54 33.50 33.44 34.29 13.30 13.05 11.98 12.36 7.60
2012 33.30 33.53 33.51 33.44 34.28 13.45 13.44 13.03 12.69 7.40
2013 32.80 33.51 33.51 33.43 34.28 13.30 13.29 13.28 13.07 7.20
2014 33.30 33.49 33.52 33.43 34.27 12.90 12.99 13.47 13.48 7.00
2015 33.90 33.48 33.53 33.42 34.26 14.40 14.33 14.24 13.93 6.80
2016  33.30 33.46 33.54 33.42 34.25 14.40 14.40 15.58 14.38 6.60
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Table 9. Raw estimates (T 95(z;), T.05(¢;)), kernel smoothing estimates (K'S.o5(#;), KS 05(t;)), local polynomial smoothing
estimates (LP o5(¢;), LP o5(¢;)), spline smoothing estimate (SS 95(¢;), SS 05(¢;)), and quantile regression estimate (QR o5(;),
OR o5(t})) of the 95th and 5th percentile temperature from Portland in the United States from 1990 to 2016.

tj  Tos(tj) KSos(tj) LPos(tj) SSos(t;) QORos(t;) Tos(t;) KSos(tj) LPos(t;) SSos(t;)  QORos(t))

1990  29.30 29.42 29.59 29.51 30.60 -11.58 -13.79 -13.81 -13.81 -17.13
1991 30.60 30.24 29.52 29.92 30.60 -13.30 —-13.89 -13.80 -13.79 -17.15
1992 27.65 28.09 29.08 28.53 30.60 -13.30 —-13.96 -13.80 -13.77 -17.16
1993 29.88 29.61 29.07 29.31 30.59 -15.60 -13.99 -13.79 -13.75 -17.18
1994 28.90 28.98 28.98 29.15 30.59 -17.20 -13.97 -13.77 -13.73 -17.20
1995  28.90 28.76 28.56 28.56 30.58 -13.90 -13.90 -13.75 -13.70 -17.22
1996  27.20 27.53 28.32 27.81 30.58 -15.60 -13.81 -13.73 -13.68 -17.24
1997  29.40 29.12 28.56 28.82 30.57 -12.68 -13.71 -13.71 -13.66 -17.25
1998  28.30 28.48 28.72 28.77 30.57 -9.30 -13.63 -13.69 -13.64 -17.27
1999 2940 29.12 28.60 28.78 30.56 -12.80 -13.58 -13.67 -13.62 -17.29
2000  27.20 27.57 28.52 27.88 30.56 -15.45 -13.57 -13.64 -13.60 -17.31
2001 29.40 29.31 29.04 29.26 30.55 -13.90 -13.58 -13.62 -13.58 -17.33
2002 30.48 30.20 29.26 30.06 30.55 -10.60 -13.60 -13.60 -13.56 -17.34
2003  28.20 28.27 28.52 28.30 30.54 -17.20 -13.61 -13.58 -13.54 -17.36
2004  26.70 27.05 28.01 27.30 30.54 —-15.00 —-13.58 -13.57 -13.52 -17.38
2005 29.40 29.04 28.26 28.63 30.53 —-14.40 -13.53 -13.56 -13.50 -17.40
2006  27.80 28.03 28.39 28.36 30.53 -10.48 -13.44 -13.55 -13.48 -17.42
2007  28.90 28.72 28.30 28.53 30.52 -14.40 -13.34 -13.55 —-13.46 -17.44
2008  27.80 27.84 28.05 27.81 30.52 -12.80 -13.24 -13.55 -13.44 -17.45
2009  27.20 27.49 28.19 27.75 30.51 —14.88 -13.17 -13.56 -13.42 -17.47
2010 30.00 29.62 28.68 29.28 30.51 -10.60 -13.14 -13.58 -13.40 -17.49
2011 28.30 28.44 28.68 28.65 30.50 -13.90 -13.14 -13.61 -13.38 -17.51
2012 28.30 28.35 28.53 28.37 30.50 -9.85 -13.19 -13.64 -13.36 -17.53
2013 28.90 28.79 28.58 28.63 30.49 -12.80 -13.26 -13.69 -13.34 -17.54
2014 28.20 28.35 28.70 28.44 30.49 -15.50 -13.35 -13.75 -13.32 —-17.56
2015 29.30 29.31 29.17 29.23 30.48 -17.58 -13.44 -13.83 -13.30 -17.58
2016 30.48 30.37 30.11 30.47 30.48 -11.00 -13.53 -13.92 -13.27 -17.60
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Table 11. Raw estimates (T95(¢;), T.05(;)), kernel smoothing estimates (KS 95(¢;), KS.05(#;)), local polynomial smoothing
estimates (LP o5(¢;), LP o5(t;)), spline smoothing estimate (SS 95(¢;), SS 05(¢;)), and quantile regression estimate (QR o5(¢),
OR o5(t)) of the 95th and 5th percentile temperature from Seattle in the United States from 1990 to 2016.

tj  Tos(tj) KSos(tj) LPos(t;) SSos(tj) ORos(t;) Tos(tj) KSos(tj) LPos(tj) SSos(tj) ORps(ty)

1990  28.90 28.62 28.85 28.34 28.90 -1.58 -1.55 -1.48 -1.18 -2.98
1991 28.30 28.43 28.54 28.16 28.98 —-0.48 —-0.50 -0.81 -1.03 -2.92
1992 28.90 28.06 28.09 27.99 29.07 0.00 -0.09 -0.90 -0.96 -2.86
1993 26.70 27.64 27.64 27.82 29.15 -2.80 -2.66 -1.23 -0.91 -2.80
1994  27.20 27.49 27.49 27.67 29.23 —-0.48 -0.51 -0.79 -0.72 -2.74
1995 27.80 27.60 27.60 27.53 29.32 0.60 0.53 -0.32 —-0.49 -2.68
1996  28.30 27.61 27.61 27.41 29.40 -1.10 -1.04 -0.41 -0.32 -2.62
1997 26.70 27.41 27.41 27.32 29.48 -0.48 -0.47 -0.25 -0.14 -2.56
1998 27.80 27.11 27.11 27.24 29.57 0.60 0.57 0.17 -0.01 -2.49
1999 26.58 26.71 26.71 27.20 29.65 0.60 0.57 0.18 —-0.01 -2.43
2000  26.10 26.39 26.39 27.20 29.73 —-0.60 —-0.56 -0.21 -0.14 -2.37
2001 25.48 26.53 26.53 27.23 29.81 —-0.48 -0.49 -0.47 -0.28 -2.31
2002 27.20 27.19 27.19 27.29 29.90 -0.60 -0.60 -0.50 -0.36 -2.25
2003 28.90 27.85 27.85 27.38 29.98 —-0.60 -0.57 -0.33 -0.39 -2.19
2004  28.30 28.06 28.06 27.47 30.06 0.60 0.52 -0.25 -0.43 -2.13
2005 27.20 28.01 28.01 27.57 30.15 -1.10 -1.04 -0.51 -0.52 -2.07
2006  28.90 27.97 27.97 27.68 30.23 -0.60 -0.61 -0.66 -0.59 -2.01
2007 27.20 28.01 28.01 27.78 30.31 -0.60 -0.60 -0.67 -0.62 -1.94
2008 27.65 28.21 28.21 27.89 30.40 —-0.60 —-0.63 -0.72 —-0.61 -1.88
2009 30.48 28.26 28.25 28.01 30.48 -1.58 -1.47 -0.49 -0.54 -1.82
2010 26.70 27.83 27.83 28.13 30.56 1.70 1.52 -0.16 -0.45 -1.76
2011 27.20 27.46 27.46 28.28 30.65 -1.70 -1.56 -0.41 -0.47 -1.70
2012 26.70 27.68 27.69 28.44 30.73 0.00 -0.07 -0.56 -0.43 -1.64
2013 28.78 28.42 28.47 28.63 30.81 -1.00 -0.95 —-0.45 -0.30 -1.58
2014 29.40 29.17 29.47 28.83 30.90 0.00 -0.01 -0.04 -0.04 -1.52
2015 30.48 29.53 30.47 29.03 30.98 0.60 0.59 0.61 0.30 -1.46
2016  28.90 29.51 31.46 29.23 31.06 0.68 0.67 1.25 0.66 -1.39




